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m-degrees and 1-degrees

Definition 3.1

A binary relation R(x,y) is an equivalence relation if satisfies the following properties.
@ (reflexive) For all x, R(x, x).
@ (symmetric) For all x,y, R(x,y) © R(y,x).
@ (transitive) For all x,y,z, R(x,y) AR(y,z) = R(x,z2).

Definition 3.2

For a reducibility r (r =m, 1,...), aset A is r-equivalent to a set B (written A =, B)if A <, B
and B <, A.

> =, and = are equivalence relations. There corresponding equivalence classed are called
m-degrees and 1-degrees.

> ForasetA,deg, (A) :={B: A=y B},deg,(A) :={B: A= B}.



join

Definition 3.3
The join of two sets A, B C IN is defined as

A®B={2x:xe€A}U{2x+1:x€ B}.

Proposition 3.4
For sets A,B,C,D C IN, the following properties hold.
Q A< WA®B B<, A®B.
Q IfA <y Cand B <, C, then A®B <, C.
Q IfA=nCand B=y D, then A®B =, Co D.
Q IfA,Bare c.e. sets, then A® B is also a c.e. set.



structure of m-degrees

Definition 3.5

A partial order (P, <) is a binary relation with the following properties.
@ (reflexive) Forall x € P, x < x.
Q (antisymmetric) Forallx,y e P,x <yAy<x=x=1y.

@ (transitive) Forall x,y,z€e P,x < yAy<z=>x <2z

Definition 3.6
A partial order (P, <) is a
@ upper semi-lattice if any two element a, b € P have a least upper bound (a V b);
© lower semi-lattice if any two element a, b € P have a greatest lower bound (a A b);

@ lattice if it is both an upper semi-lattice and a lower semi-lattice.

> Let Dy, be the set of all m-degrees. Then (D, <m ) is an upper semi-lattice.
> Fora = deg,(A) and b = deg,(B),a Vb = deg,,(A® B).

> An m-degree is c.e. if it contains a c.e. set.

> c.e. m-degrees are closed under join.



productive set and creative set

Definition 3.7

@ A set P is productive if there is a p.c. function ¥ (x), called a productive function for P,
such that
(VX)W CP = [F(x) | & ¥(x)eP- W

@ A ce. set Cis creative if C is productive.

Proposition 3.8

K is creative.

Proof.

We show K is productive via the identity function p(x) = x.
Suppose W, C K.

> Ifx¢ E, then x € K, which implies x € W, C K. 4
> [fxe Wy CK,thenxeK. }
Thus, p(x) = x € K\ W,.



productive set and creative set

Theorem 3.9
If P is productive and P <p A then A is productive.

Proof.
Let P <y A viaf, and let p be a productive function for P. Define

1 iff(y) € Wy
T o.w.

q)g(x)(y) = ‘Y(x’y) = {

Then W, =f~1(W,). Now

WeCA = Wy =f(We) CP = plg(x)) € P\ W,y = f(p(3(x))) €A\ Wy

Then f o p o g is a productive function for A.



productive set and creative set

Theorem 3.10

Every productive set P has a total 1:1 computable productive function p.

Proof.

Let f be a productive function of P. By the s-m-n Theorem define a 1:1 computable function g
such that

Ou(y) iff(x) L;

T 0.W.

<Dg()c) () =¥(xy) = {

Then

We

W iff(x) U
@70 ow
Now for all x, if f(x) T, Wy(,) = @ C P, and f(g(x)) |. Let g(x) be the value of f(x) or f(g(x))
whichever converges faster. Then g is a total computable function.
If Wy C P, as f(x) |, then Wy(,y = Wx C P, which implies f(g(x)) | and f(g(x)) € P\ Wx.

Thus, no matter g(x) = f(x) or g(x) = f(g(x)), we have g(x) | and g(x) € P\ W.
Therefore, ¢ is a productive function of P. O



productive set and creative set

Proof cont.

By the s-m-n Theorem define a 1:1 computable function % such that
W) = Wx U{g(x)}
Since g is a productive function, then Wy C P implies Wj,(,y C P.

Now we define a function p as follows.
> Letp(0) = q(0).
> Suppose p(i) are defined for all i < n. Let ¥, = {q(n), q(h(n)), q(h*(n)),...,q(K*(n))}.
> If there are n + 1 many elements in Y,,, let p(n) = min{Y, \ {p(0),p(1),...,p(n—1)}}.
> Otherwise, let p(n) = min{IN \ {p(0),p(1),...,p(n— 1)}

Obviously, the function p is a 1:1 total computable function.

It W, € P,then Y,, € P and Y,, " W, = 0. Then by definition Y,, must have n 4+ 1 many
elements. By definition, p(n) € Y,, which implies p(n) € P\ W,,.



Recursion Theorem with Parameters

Theorem 3.11 (Recursion Theorem with Parameters)

Iff(x,y) is a computable function, then there is a I1:1 computable function n(y) such that
Pn(y) = Pr(n(y).y)-

Proof.

» Define a partial computable function

Dy (1 if @, (x,y) |;
Do) () = ¥ (23,2) = {T oeE) 1 xtx)

> Choose v such that @, (x,y) = f(d(x,y),y).
> Then n(y) = Ay[d(v,y)] is a fixed point, because

Py(vy) = P, (vy) = Pr(d(vy)y)-

The first equality follows from the definition of d and the second from the definition of v.



productive set and creative set

Theorem 3.12
If P is productive then K <; P.

Proof.

Let p be a total 1:1 computable productive function for P. Define the computable function f by

D, =%¥(xyz2) =
Fey) (2) (x.3,2) T otherwise.

{1 ify € K&z = p(x);
By the Recursion Theorem with Parameters there is a 1:1 computable function n(y) such that
Puy) = Pf(n(y))- Thus

p(n(y))} ifyeKk;
War) = Wr(n(v)a) = {(z) otherwise.

Now

YEK = Wy =0 = W, CP = p)eP.

yeK = Wy =) = W,g¢P = pk)eP



productive set and creative set

Corollary 3.13

The following are equivalent:
(1) P is productive;

(i) K <1 P;

(iii) K <m P.

Corollary 3.14

The following are equivalent:
(i) C is creative;
(i) Cis I-complete;

(i) C is m-complete.



computable permutations and isomorphisms

Definition 3.15

@ A computable permutation is a bijection from IN to IN.

@ A is computably isomorphic to B (written A = B) if there is a computable permutation p
such that p(A) = B.

Theorem 3.16 (Myhill Isomorphism Theorem)
A=BiffA= B.



Proof of Myhill Isomorphism Theorem

“=": Trivial.
“<": Let A <1 Bviaf and B <| A via g. Therefore,

(Vx)(Vy)[xeA < f(x)eB & yeB < g(y) €A]. (1)

We define a computable permutation / by stages s € w so that h(A) = B. Suppose that by the
end of stage 2s we have finite sets X = {x{,x2,..., x5} and ¥ = {y1,y2,...,ys} anda 1:1 map &
such thatforall 1 <i<n

h(x;)) =yi & x;€eA < h(x)e€B. 2)

Stage 2s + 1. We shall define h(s) if it is not already defined.

» Compute f(s) = 11. If t; ¢ Y define h(s) = 1. If ] € Y, say ] = y;, then take
x; = k™ 1(¢;). Note that x; € A iff s € A by (1) and (2).

> Compute f(x;) = 1p. If 1 ¢ Y define h(s) = 1o. Otherwise, 1, = y; for some j. Take
x; = h™!(y;) and note that x; € A iff s € A as before.

> Compute f(x;) = 3. Continue in this fashion until a new element z ¢ Y is found and define
h(s) =z

> Note that X U {s} has n + 1 elements but Y has only # elements, so the procedure must
terminate.

Stage 2s + 2. Find the value of 47! (s) in similar fashion using h~land g in placeof handf. O



