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Z? normal form for c.e. sets

Definition 6.1
@ A set A is a projection of some relation R C w X w if
A={x:(Jy) R(x,y)}

(i.e., geometrically A is the projection of the two-dimensional relation R onto the x-axis).

Q AsetAisin Z(l)-form Ae Z(l)), if A is the projection of some computable relation
RCwXw.

Theorem 6.2 (Normal Form Theorem for C.E. Sets)
A setAis c.e. iffAis Z?.

Proof.
“=:" If A is c.e. then A = W, := dom(®,) for some e. Hence,
x €W, & (s)[x € Weyl.

Clearly, the relation {{e, x, s) : x € W, 4} is computable.
“e:" LetA = {x: (Iy)R(x,y)}, where R is computable. Then A = dom(¥) where

T (x) = (uy) R(x.y).



quantifier contraction

Theorem 6.3 (Quantifier Contraction Theorem)

Ais Z(l) iff there is an n € w and a computable relation R C w™t! such that

A= {x:(Fy1)Fy2) - (Fyn) R Y1,

Proof.

Define the computable relation S C w? by

S(x,z) ifandonlyif R(x,(2)1,(z)2,..

(@ (22 (2)

where z = p; 1p1 pyn " is the prime decomposition. Then
(F2)S(x,z) &
o

Corollary 6.4

The projection of a c.e. relation is c.e.

Syn))-

5 (@n)s

(32) R(x, ()1, (2)2,---» (2)n)

(3y1)(3y2) -~ Fyn) R Y1,¥2, - -5 n)



the arithmetical hierarchy

Note that here X, I'l,,, and A,, are abbreviated from 22, Hg, and Ag.
Definition 6.5

Q AsetBis X (I1p, Ao) iff B is computable.

@ Forn > 1, Bis £, (written B € ¥,) if there is a computable relation R(x,y1,¥2, .., Yn)
such that

x€B e (Fy)(Vy2)(Fy3) - (Qyn) R(x,y1,32, -+, ¥n)s
where Q is 3 for n odd, and V for n even.
@ Likewise, Bis I, (B € I1,) if

x€B e (Vy1)(Iy2)(Vy3) - (Qyn) R(%,Y1,¥2,- -5 ¥n),

where Q is J or V according to whether 7 is even or odd.
Q BisA,(BeA,)if Be X, and B € I1,.
@ Bis arithmetical if B € |, (X UTI?).

Definition 6.6

Fix a set A. If we replace everywhere “computable” in Definition 6.5 by “A-computable” then
we have the definition of B being %, in A (written B € £4), B being I1,, in A (B € T14), B € A4,
and B being arithmetical in A.



the arithmetical hierarchy

Theorem 6.7
(i) AeX, @ Aell,;
(i) AeXy(orll,) = (Ym>n)[A € X, NIL,];
(i) A,B € Z,(I,) = AUB,ANB € ,(II,);
(iv) [REZ, An>0 A A={x: (Ty) R(x,y)}] > A€ X,

Proof.

(i) ITA = {x: (Fy1)(Yy2) - R(x.¥)} then A = {x : (Yy1)(Ty2) - - =R(x, 7).
(ii) For example, if A = {x: (3y1)(¥y2)R(x,y1,y2)}, then
A= {x: (Fy1) (V92) (Fy3) [R(x 1, 32) Ays = ys]h
(iii) LetA = {x: (3y1)(¥y2)---R(x.7)}, and B = {x : (3z1)(¥z2) - - - S(x,2)}. Then
x€AUB & (Ty))(Vy2) - R(x,¥) Vv (3z1)(Vz2) --- S(x,2),
& (1) (3e1) (Y92) (Vea) -+ [R(55) v S(x.2)].
=4 (Hu])(vuz) s [R(X, (ul)o, (u2)0 oo ) \% S(x, (u])l, (u2)| oo )} s

where u; = {(u;)0, (#;)1) is the pairing function. Likewise, this holds for A N B.
(iv) Immediately by quantifier contraction, as in (iii).



the arithmetical hierarchy

Theorem 6.7

(V) [B<mA A A€X,] = BeX,;
(vi) If R € ¥, (I1,), then A, B € %,,(IT,,) for A and B defined by

x,meA o (Vz<y)R(xy,2),
(xyyeB o (Fz<y)R(x,y,2).

Proof.

(v) LetA = {x: (3y1)(Vy2) - --R(x,¥)} and B <, A via f. Then
B = {x: (Iy1)(Yy2) - R(f (x).5)}.
(vi) The proof is by induction on n. If n = 0, then A and B are clearly computable. Fix n > 0.

Suppose R € %, and assume (vi) for all m < n. Then B € %, by (iv). Now there exists
S € I'T,,_1 such that

x,yyeA o (Vz<y)R(xyz) & (Vz<y)(Qu) S(x,y,z,u)
e (Fo)(Vz<y) S(xy,z,0(2)),

where o ranges over w<“. Now (Yz < y)S € I',_; by the inductive hypothesis, so A € ¥,,.
The case R € I, follows from the case R € %, by (i).



examples: index sets

Proposition 6.8
Fin € X,.

Proof.

x€Fin & Wyisfinite & (Is)(Ve)[t<s vV Wy, = Wil

The bracketed relation of x, s, ¢ is clearly computable.

Proposition 6.9
Cof € 23.

Proof.

xeCof o Wyisfinitt & (Iy)(V2)[z<y V z€ W]
e (V)@ z<y v zeWygl.



examples: index sets

Proposition 6.10
{x, )« Wy € Wy} eI,

Proof.

WeCeW, o (Vz)zeWi=zeW,] o (Vz)lzg WyVzeW,]
e (Y)lvva e wial..] e Vv3aL..]

Corollary 6.11

@ Gy : Wy = Wy} eIl
(i) Tot={y: W, = w}ell.

Proof.

(i) follows by Proposition 6.10 and Theorem 6.7(iii), and (ii) follows from Proposition 6.10
with Wy, = w.



2.,-completeness, Post’s theorem and hierarchy theorem

Definition 6.12
A set A is X,-complete (I1,-complete) it A € X, (I1,,) and B <; A for every B € ¥, (I1,).

Note that A is Zj-complete iff A is 1-complete. Hence, K is ¥;-complete and X is IT;-complete.
Theorem 6.13 (Post’s Theorem)

For everyn > 0,

(i) BeX,y1 & Bisc.e. insomell, set
&  Bisc.e. in some X, set (by Jump Theorem (viii)).

(i1) o(n+l) g Y4 1-complete;
(iii) B € Syt © Bisce. in0M;
(iv) B€ Apyq © B <1 0.

Corollary 6.14 (Hierarchy Theorem)
(Yn>0)[A, € Zp & Ay S I1,). Clearly, Ay € 2. The content here is that X, € Ay

Proof.
o) e ¥n — Ay, by Post’s Theorem (ii) and (iv), and the Jump Theorem (ii). Likewise,
0 eI, - A,. O




proof of Post’s theorem

Theorem 6.13 (Post’s Theorem)
(1) BeX,y1 & Bisc.e. insomell, set

& Bisc.e. in some ¥, set (by Jump Theorem (viii)).

Proof.

(i) “=>" Let B€ X, 1. Then x € B & (dy)R(x,y) for some R € IL,. Hence Bis ¥ in R and
therefore c.e. in R by relativization of Theorem 6.2.
“&:” Suppose B is c.e. in some 11, set C. Then for some e,

xeB o xeWS o (I)(30)|o<C&xeWd)
Clearly, x € W/ is computable. Now it suffices to show that o < C is X, 1. Note that
c<Ce (V<)o) =CcH)] e (Yy<lol)[(c(y) =1AyeC)V(o(y) =0Ay ¢ C)]

& (Vy <o) [(I1, v £,)](because C € I1,)



proof of Post’s theorem

Theorem 6.13 (Post’s Theorem)
(i1) Q(n+1) jg >,+1-complete;

(iii) Be X,4+1 © Bisce. in (Z)(”);
(iv) B€ Apyq & B <1 0.

Proof.

(ii) This is proved by induction on n and is clear for n = 0. Fix n > 1 and assume 0 is
Y.,-complete. As ot is o) ce., by (i) itis X, 1. Now
BeX, ;1 & Bisce.insome,set (by (i)

& Bisce. in0™ (by inductive hypothesis and Jump Theorem (v))

& B< 0"t (by Jump Theorem (iii)).
Hence, 0("*1) is ¥, -complete.
(iii) Already shown in the proof of (ii).

(iv) BEA,y1 & B,BeX,,, & BBarece in0" (by(i) < B<p0®.



m-reducibility for pairs

Definition 6.15
Let A, B and C, D be two pairs of disjoint sets.
@ (A,B) <m (C,D) if there is a computable function f such that f(A) € C, f(B) c D, and
f(AUB) € CUD. We write “<,”if f is 1:1.

@ Forn > 1 define (X,,11,) <m (C,D) if (A,A) <p (C, D) for some X,-complete set A, and
similarly for <; in place of <p,. In this case we also write £,, <, C and I'l,, <, D. (it can
be shown that it makes no difference whether we write “<p,” or “<;” here.)




classifying 3, and I'l, sets: Fin, Inf, and Tot

Theorem 6.16

(3,11,) <1 (Fin, Tot). Therefore, Fin is ¥-complete, Inf and Tot are I1y-complete, and
Inf =; Tot. Hence, Inf and Tot are computably isomorphic.

Proof.

By Proposition 6.8 and Corollary 6.11, Fin € 2 (so Inf € I'l) and Tot € I'l,. Fix A € 2.
Therefore, A € Iy, and there is a computable relation R such that

xeA e (Vy)(I2)R(x,y,2).
Using the s-m-n Theorem, define a 1 : 1 computable function f by

0 if (Vy < u)(J2)R(x,y,2);
T otherwise.

D) (1) = {

Now

x€A = Wiy =@ = f(x) €Tot,
x€A = Wy isfinite = f(x)eFin.



