
Contents lists available at ScienceDirect

Theoretical Computer Science

journal homepage: www.elsevier.com/locate/tcs

Integer-valued martingales and cl-Turing reductions ✩

Nan Fang a, ,∗, Lu Liu b, Liang Yu c

a Key Laboratory of System Software (Chinese Academy of Sciences) and State Key Laboratory of Computer Science, Institute of Software, Chinese 
Academy of Sciences, Beijing, 100190, China
b School of Mathematics and Statistics, HNP-LAMA, Central South University, Changsha, 410000, China
c School of mathematics, Nanjing University, Nanjing, 210093, China

A R T I C L E I N F O A B S T R A C T 

Keywords:

Algorithmic randomness

Integer-valued random

cl-Turing reducibility

cl-tt-reduction

Martingale

Integer-valued martingale

We prove that a sequence 𝑋 is integer-valued random (IVR) if and only if for every cl-tt 
reduction Φ, there are only finitely many oracles that compute 𝑋 via Φ. A well-known property 
of integer-valued supermartingales is that under any cone, there is a subcone where the values 
are constant. We extend this property and prove that for a special integer-valued martingale 𝑀 , 
which starts with initial capital 1 and always bets 1 on bit ``1'' if possible, and for any integer

valued supermartingale 𝑓 , under any cone there is a subcone such that 𝑓 actually simulates 𝑀 . 
Using this property, we prove that there exists a non-IVR sequence that is cl-computable by only 
countably many oracles, as a complement to the first result.

1. Introduction

In algorithmic randomness, a supermartingale is a function 𝑓 ∶ 2<𝜔 →ℚ≥0 which satisfies the fairness property, i.e.,

𝑓 (𝜎⌢0) + 𝑓 (𝜎⌢1) ≤ 2𝑓 (𝜎) for all 𝜎 ∈ 2<𝜔.

It is a martingale if only the equality applies. As one approach to defining algorithmic randomness, we say an infinite binary sequence 
𝑋 is random if there is no effective supermartingale that succeeds on it. That is, fixing some class of effective supermartingales, for 
any supermartingale 𝑓 in this class,

lim sup
𝑛→∞ 

𝑓 (𝑋 ↾ 𝑛) <∞.

Here 𝑋 ↾ 𝑛 is the initial segment of 𝑋 up to length 𝑛. Clearly, different classes of supermartingales could result in different notions of 
randomness. The most studied notion of Martin-Löf randomness is defined by the class of left-c.e. supermartingales, where a function 
𝑓 is left-c.e. if there is a uniformly computable family {𝑓𝑠}𝑠∈𝜔 of functions such that for all 𝜎 ∈ 2<𝜔,

𝑓 (𝜎) = lim
𝑠 𝑓𝑠(𝜎) and 𝑓𝑠(𝜎) ≤ 𝑓𝑠+1(𝜎) for all 𝑠 ≥ 0.

More details and background on this can be found in the monograph by Downey and Hirschfeldt [4].

✩ This article belongs to Section A: Algorithms, automata, complexity and games, Edited by Paul Spirakis.

* Corresponding author.

E-mail addresses: fangnan@ios.ac.cn (N. Fang), g.jiayi.liu@gmail.com (L. Liu), yuliang.nju@gmail.com (L. Yu).

https://doi.org/10.1016/j.tcs.2025.115202

Received 25 July 2024; Received in revised form 19 December 2024; Accepted 25 March 2025 

Theoretical Computer Science 1040 (2025) 115202 

Available online 28 March 2025 
0304-3975/© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/tcs
http://orcid.org/0009-0005-5005-5573
mailto:fangnan@ios.ac.cn
mailto:g.jiayi.liu@gmail.com
mailto:yuliang.nju@gmail.com
https://doi.org/10.1016/j.tcs.2025.115202
https://doi.org/10.1016/j.tcs.2025.115202
http://crossmark.crossref.org/dialog/?doi=10.1016/j.tcs.2025.115202&domain=pdf


N. Fang, L. Liu and L. Yu 

In real-world casinos, the stakes cannot be arbitrarily small. Usually, there is a minimum unit value, and all capitals are multiples 
of this unit value. Thus, it makes sense to consider martingales that only take integer values, as well as the induced randomness 
notion.

Definition 1.1 (Bienvenu, Stephan, and Teutsch   [3]). 

(i) A (super)martingale is called integer-valued if it only takes integer values.

(ii) An infinite binary sequence 𝑋 is integer-valued random (IVR) if no integer-valued computable martingale succeeds on it.

In this paper, we explore further properties of integer-valued (super)martingales and reveal their correspondence with cl

reducibilities. Before we go further, let us fix some basic notation and conventions.

Through out this paper, the term string always refers to a finite binary string. We denote the set of finite binary strings by 2<𝜔 , 
the set of strings of length 𝑑 by 2𝑑 , the set of strings of length greater than or equal to 𝑑 by 2≥𝑑 , and the empty string by 𝜆. For a 
string 𝜎, its length is denoted by |𝜎|. If 𝜎 ≠ 𝜆, let 𝜎− denote the string obtained by removing the last bit of 𝜎. Let [𝜎] denote the set 
of all finite strings that extend 𝜎 and �𝜎� denote the set of all infinite binary sequences that extend 𝜎. Given two strings 𝜎 and 𝜏 , we 
write 𝜎 ≺ 𝜏 or 𝜏 ≻ 𝜎, if 𝜎 is a proper prefix of 𝜏 . The corresponding nonstrict versions are denoted by ⪯ and ⪰. The concatenation 
of 𝜎 and 𝜏 is denoted by 𝜎⌢𝜏 . The length-lexicographic order on 2<𝜔 is defined by saying that 𝜎 is less than 𝜏 (written as 𝜎 <L 𝜏) if 
either |𝜎| < |𝜏| or else both |𝜎| = |𝜏| and 𝜎(𝑛) = 0 for the least number 𝑛 such that 𝜎(𝑛) ≠ 𝜏(𝑛).

Our first observation is the following proposition.

Proposition 1.2. 

(i) An integer-valued computable supermartingale is bounded above by an integer-valued computable martingale.

(ii) Every integer-valued left-c.e. martingale is actually computable.

Proof. ``(i):'' This is obvious. 
“(ii):'' Given an integer-valued left-c.e. martingale 𝑓 , suppose the initial capital of 𝑓 is 𝑐 and {𝑓𝑖}𝑖∈𝜔 is a uniformly computable family 
of integer-valued supermartingales that converge to 𝑓 from below. As 𝑓 is a martingale, for each 𝑘 ≥ 0, there must be a stage 𝑠 such 
that 

∑
𝜎∈2𝑘 𝑓𝑠(𝜎) = 𝑐 ⋅ 2𝑘. Let ℎ(𝑘) be the least such stage. Then ℎ is a well-defined computable function. Clearly, 𝑓 (𝜎) = 𝑓ℎ(|𝜎|)(𝜎). 

Thus, 𝑓 is computable. □

By Proposition 1.2, integer-valued computable (super)martingales and integer-valued left-c.e. martingales have the same power, 
while according to the following theorem, integer-valued partial computable martingales, as well as integer-valued left-c.e. super

martingales, are strictly more powerful.

Theorem 1.3 (Barmpalias, Downey, and McInerney   [1]). There exists an integer-valued random sequence that is not partial integer-valued 
random.

Here, a sequence is partial integer-valued random if no integer-valued partial computable martingale succeeds on it. Note that any 
partial computable martingale 𝑑 can be turned into a left-c.e. supermartingale 𝑑 by defining 𝑑0(𝜎) to be 0 for all 𝜎 and 𝑑𝑠(𝜎) = 𝑑𝑠(𝜎)
whenever 𝑑𝑠(𝜎) is defined for 𝑠 > 0. Thus, this also implies the following proposition.

Proposition 1.4. There exists an integer-valued left-c.e. supermartingale that is not computable.

Definition 1.5. A Turing functional Φ is 𝑑-cl for some integer 𝑑 ≥ 0, if for all 𝜎 ∈ 2≥𝑑+1, either Φ𝜎(|𝜎| − 𝑑 − 1) ↓, or Φ𝜌(𝑛) ↑ for all 
𝜌 ⪰ 𝜎 and 𝑛 ≥ |𝜎|− 𝑑 − 1. It is 𝑑-cl-tt if only the first case applies. It is cl (cl-tt) if it is 𝑑-cl (𝑑-cl-tt) for some integer 𝑑.

Given a 𝑑-cl Turing functional Φ, we can see it as a map from 2≥𝑑 to 2<𝜔.

Definition 1.6. Let 𝑇 be a partial map from 2≥𝑑 to 2<𝜔. We say 𝑇 is a 𝑑-cl-map if all of the following hold.

i) For all 𝜎 ∈ 2𝑑 , either 𝑇 (𝜎) = 𝜆 or 𝑇 (𝜎) ↑.

ii) For all 𝜎 ∈ 2>𝑑 , if 𝑇 (𝜎) is defined, then 𝑇 (𝜎−) is defined and 𝑇 (𝜎)− = 𝑇 (𝜎−).

We say 𝑇 is a cl-map if it is a 𝑑-cl-map for some 𝑑 ≥ 0.

Clearly, for any 𝑑-cl-reduction Φ, by letting 𝑇Φ(𝜎) = 𝜏 whenever 𝜎 ∈ 2|𝜏|+𝑑 and Φ𝜎 ↾ |𝜏| = 𝜏 , we get a 𝑑-cl-map 𝑇Φ. We say 𝑇Φ is 
the corresponding cl-map for Φ. For any sequence 𝑋 ∈ 2𝜔, let 𝑇 −1

Φ (𝑋) be the set of oracles that compute 𝑋 by Φ. It is easy to check 
that 𝑇Φ is partial computable and it is total when Φ is a cl-tt-reduction. Thus, the following proposition holds.
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Proposition 1.7. For any cl-reduction Φ, |𝑇 −1
Φ (⋅)| is an integer-valued left-c.e. supermartingale. It is a computable martingale in case Φ is 

total. And for any 𝑋, |𝑇 −1(𝑋)| ≤ lim𝑛|𝑇 −1(𝑋 ↾ 𝑛)|.
This proposition has already been observed and used by Lewis and Barmpalias [5]. As a generalization of integer-valued martin

gales, Barmpalias, Lewis-Pye, and Teutsch [2] defined the notion of granular-martingale. Fixing a nondecreasing computable function 
𝑔∶ ℕ→ ℕ, roughly speaking, a martingale 𝑀 is 𝑔-granular if for every string 𝜎, the value of 𝑀(𝜎) is an integer multiple of 2−𝑔(|𝜎|). 
One can also extend the notion of cl-reduction to 𝑔-redundant reduction. A Turing reduction is called 𝑔-redundant if its use function 
is bounded by 𝑛+ 𝑔(𝑛). In the same spirit as Proposition 1.7, Barmpalias, Lewis-Pye, and Teutsch [2] showed that one can construct 
𝑔-granular left-c.e. supermartingales from 𝑔-redundant Turing functionals.

One main purpose of this paper is to demonstrate the other direction. In Section 3, we construct a corresponding cl-tt-reduction 
from every integer-valued martingale. Thus, it implies that a sequence 𝑋 is IVR if and only if for every cl-tt reduction Φ, there are 
only finitely many oracles that compute 𝑋 via Φ (Theorem 3.1). This also implies that every IVR sequence can only be cl-tt-computed 
by countably many oracles. However, the converse is not true. We also prove that there exists a non-IVR sequence that is cl-computed 
by only countably many oracles (Theorem 3.3).

As a byproduct of the later proof, we reveal an interesting property of integer-valued supermartingales, i.e., there is a special 
integer-valued martingale 𝑀 such that for any integer-valued supermartingale 𝑓 , under any cone there is a subcone where 𝑓 actually 
simulates 𝑀 . This property can be seen as a generalization of a well-known property of integer-valued supermartingales, which states 
that for an integer-valued supermartingale, under any of its local cones, there is a subcone where the values are constant. As this 
property is interesting in itself and might be a useful tool in dealing with integer-valued supermartingales, we present it in Section 2.

With Proposition 1.4, it is worth noting that Theorem 3.1 is for cl-tt-reductions while Theorem 3.3 is for cl-reductions. Therefore, 
we would like to ask the following question.

Question 1. Given an integer-valued left-c.e. supermartingale 𝑓 , can we find a constant 𝑐 and a cl-reduction Φ such that |𝑇 −1
Φ (𝜎)| = 𝑓 (𝜎)+ 𝑐

for all 𝜎 ∈ 2<𝜔, and such that lim𝑛 𝑓 (𝑋 ↾ 𝑛) =∞ implies |𝑇 −1
Φ (𝑋)| =∞ for all 𝑋?

2. Property of integer-valued martingales

The following lemma implicitly from [4, Lemma 9.13.1] and also from [3, Lemma 4] states a useful and well-known property for 
integer-valued supermartingales. We include its proof here as an example for the basic proof ideas of the two lemmas that follow.

Lemma 2.1 ([4];   [3]). Given any integer-valued supermartingale 𝑓 , for any string 𝜎0, there exist a string 𝜎 ⪰ 𝜎0 and a constant 𝑟 ≤ 𝑓 (𝜎0)
such that 𝑓 (𝜏) = 𝑟 for all 𝜏 ⪰ 𝜎.

Proof. Let 𝐿 = {𝜏 ∶ 𝜏 ⪰ 𝜎0}. Let 𝜎 be the least string in 𝐿 under the length-lexicographic order such that 𝑓 (𝜎) = min𝜏∈𝐿 𝑓 (𝜏). Let 
𝑟 = 𝑓 (𝜎). As 𝜎0 ∈𝐿, it holds that 𝑟 ≤ 𝑓 (𝜎0). Fix some 𝜏 ⪰ 𝜎 such that 𝑓 (𝜏) = 𝑟. By the choice of 𝜎, we have

𝑓 (𝜏⌢1) ≥ 𝑟 and 𝑓 (𝜏⌢0) ≥ 𝑟. (1)

On the other hand, as 𝑓 is a supermartingale, we have

𝑓 (𝜏⌢1) + 𝑓 (𝜏⌢0) ≤ 2𝑓 (𝜏) = 2𝑟. (2)

Therefore, by (1) and (2) we have 𝑓 (𝜏⌢1) = 𝑓 (𝜏⌢0) = 𝑟. By induction, it holds that 𝑓 (𝜏) = 𝑟 for all 𝜏 ⪰ 𝜎. □

Let 𝑀 be a computable integer-valued martingale defined as follows. It starts with initial capital 1 and always bets 1 on ``1'' if 
possible. That is,

i) 𝑀(𝜆) = 1.

ii) For any 𝜎 ∈ 2<𝜔 and 𝑖 ∈ {0,1},

𝑀(𝜎⌢𝑖) =
⎧⎪⎨⎪⎩

𝑀(𝜎) + 1 if 𝑀(𝜎) ≥ 1 and 𝑖 = 1;
𝑀(𝜎) − 1 if 𝑀(𝜎) ≥ 1 and 𝑖 = 0;
𝑀(𝜎) if 𝑀(𝜎) = 0.

For 𝑐 < 𝑀(𝜎), let [𝜎 ∶ 𝑀 > 𝑐] be the collection of extensions of 𝜎, where starting from 𝜎 all along the extension the values of 𝑀
are always above 𝑐. That is,

[𝜎 ∶ 𝑀 > 𝑐] = {𝜏 ⪰ 𝜎 ∶ ∀𝜎 ⪯ 𝜂 ⪯ 𝜏 
(
𝑀(𝜂) > 𝑐

)
}.

It’s easy to check that for this notation the following property holds.

If 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑐] and 𝑑 ≥ 𝑐, then [𝜏 ∶ 𝑀 > 𝑑] ⊆ [𝜎 ∶ 𝑀 > 𝑐] . (3)
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As an extension to Lemma 2.1, the next two lemmas show that for any integer-valued martingale 𝑓 , under every local cone, there 
is a subcone such that 𝑓 actually simulates 𝑀 .

Lemma 2.2. Given any integer-valued supermartingale 𝑓 , for any string 𝜎0 with 𝑀(𝜎0) > 𝑓 (𝜎0), there exists a string 𝜎 ∈
[
𝜎0 ∶ 𝑀 > 0

]
and 

a constant 𝑟≤ 𝑓 (𝜎0) such that 𝑟 < 𝑀(𝜎) and 𝑓 (𝜏) = 𝑟 for all 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑟].

Proof. Let 𝐿 = {𝜏 ∈
[
𝜎0 ∶ 𝑀 > 0

]
∶ 𝑓 (𝜏) < 𝑀(𝜏)}. As 𝜎0 ∈𝐿, 𝐿 is not empty. Under the length-lexicographic order, let 𝜎 be the least 

string in 𝐿 such that 𝑓 (𝜎) = min𝜏∈𝐿 𝑓 (𝜏). As 𝑓 is integer-valued and nonnegative, such 𝜎 exists. Let 𝑟 = 𝑓 (𝜎). Then 𝑟 < 𝑀(𝜎). Now 
we verify that 𝜎 and 𝑟 are as required. First, note that 𝑓 (𝜎) ≤ 𝑓 (𝜎0). So 𝑟≤ 𝑓 (𝜎0). Then fix some 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑟] such that 𝑓 (𝜏) = 𝑟.

• Suppose 𝑓 (𝜏⌢1) < 𝑟. Then

0 ≤ 𝑓 (𝜏⌢1) < 𝑓 (𝜏) < 𝑀(𝜏) < 𝑀(𝜏⌢1).

Thus 𝜏⌢1 ∈𝐿, and 𝑓 (𝜏⌢1) < 𝑓 (𝜎), which contradicts the choice of 𝜎. Therefore,

𝑓 (𝜏⌢1) ≥ 𝑟. (4)

• Suppose 𝑓 (𝜏⌢0) < 𝑟. Then

0 ≤ 𝑓 (𝜏⌢0) ≤ 𝑓 (𝜏) − 1 < 𝑀(𝜏) − 1 =𝑀(𝜏⌢0).

Thus 𝜏⌢0 ∈𝐿, and 𝑓 (𝜏⌢0) < 𝑓 (𝜎), which contradicts the choice of 𝜎 as well. Therefore,

𝑓 (𝜏⌢0) ≥ 𝑟. (5)

• On the other hand, as 𝑓 is a supermartingale, we have

𝑓 (𝜏⌢1) + 𝑓 (𝜏⌢0) ≤ 2𝑓 (𝜏) = 2𝑟. (6)

Therefore, by (4), (5) and (6) we have 𝑓 (𝜏⌢1) = 𝑓 (𝜏⌢0) = 𝑟. By induction, it holds that 𝑓 (𝜏) = 𝑟 for all 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑟]. □

The lemma above can be further generalized, leading to the following result. Note that the earlier lemma is a special case of this 
general form, where 𝑞 = 𝑞0 = 0.

Lemma 2.3. Given any integer-valued supermartingale 𝑓 , for any string 𝜎0 with 𝑀(𝜎0) > 0, there exist a string 𝜎 ∈
[
𝜎0 ∶ 𝑀 > 0

]
and 

constants 𝑞, 𝑟∈ ℕ such that 𝑟 < 𝑀(𝜎) and 𝑓 (𝜏) = 𝑞𝑀(𝜏)+𝑟 for all 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑟]. Moreover, it holds that either 𝑞 < 𝑞0 or (𝑞 = 𝑞0 ∧𝑟 ≤ 𝑟0), 
where 𝑞0, 𝑟0 are natural numbers such that 0≤ 𝑟0 < 𝑀(𝜎0) and 𝑓 (𝜎0) = 𝑞0𝑀(𝜎0) + 𝑟0.

Proof. Let 𝐿 =
[
𝜎0 ∶ 𝑀 > 0

]
. For all 𝜏 ∈𝐿, let 𝑞𝜏 , 𝑟𝜏 be natural numbers such that

𝑓 (𝜏) = 𝑞𝜏𝑀(𝜏) + 𝑟𝜏 and 0 ≤ 𝑟𝜏 < 𝑀(𝜏).

We define an order <𝑝 on the pairs (𝑞𝜏 , 𝑟𝜏 ) as follows:

(𝑞1, 𝑟1) <𝑝 (𝑞2, 𝑟2) iff 𝑞1 < 𝑞2 or (𝑞1 = 𝑞2 ∧ 𝑟1 < 𝑟2).

Under the length-lexicographic order, let 𝜎 be the least string in 𝐿 such that (𝑞𝜎, 𝑟𝜎 ) achieves the minimal value under the order <𝑝 . 
Note that 𝑞𝜏 is integer-valued and nonnegative for all 𝜏 ∈ 𝐿, so it must have a minimal value. Fix some 𝑞. For all 𝜏 ∈ 𝐿 such that 
𝑞𝜏 = 𝑞, 𝑟𝜏 is also integer-valued and nonnegative. Thus, such 𝑟𝜏 must also have a minimal value. Therefore, 𝜎 is well-defined. Let 
𝑞 = 𝑞𝜎 and 𝑟 = 𝑟𝜎 .

Now we verify that 𝜎, 𝑞, 𝑟 are as required. Since 𝜎0 ∈ 𝐿, we have (𝑞𝜎, 𝑟𝜎) ≤𝑝 (𝑞𝜎0 , 𝑟𝜎0 ), i.e., either 𝑞 < 𝑞0 or (𝑞 = 𝑞0 ∧ 𝑟 ≤ 𝑟0). Fix 
some 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑟] such that (𝑞𝜏 , 𝑟𝜏 ) =𝑝 (𝑞, 𝑟).

• Suppose 𝑓 (𝜏⌢1) < 𝑓 (𝜏) + 𝑞. Since 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑟] ⊆
[
𝜎0 ∶ 𝑀 > 0

]
and 𝑀(𝜏⌢1) > 𝑀(𝜏) > 𝑟𝜏 ≥ 0, we have 𝜏⌢1 ∈ 𝐿. On the other 

hand, we have

𝑓 (𝜏⌢1) < 𝑞𝑀(𝜏) + 𝑟+ 𝑞 = 𝑞𝑀(𝜏⌢1) + 𝑟,

which implies (𝑞𝜏⌢1, 𝑟𝜏⌢1) <𝑝 (𝑞, 𝑟). This contradicts the choice of 𝜎. Thus,

𝑓 (𝜏⌢1) ≥ 𝑓 (𝜏) + 𝑞. (7)

• Suppose 𝑓 (𝜏⌢0) < 𝑓 (𝜏) − 𝑞. First note that in this case, we must have 𝑀(𝜏) > 1. Otherwise, if 𝑀(𝜏) = 1, then 𝑓 (𝜏) = 𝑞. With 
𝑓 (𝜏⌢0) < 𝑓 (𝜏) − 𝑞 = 0, this is not possible. So 𝑀(𝜏⌢0) =𝑀(𝜏) − 1 > 0. Since 𝜏 ∈

[
𝜎0 ∶ 𝑀 > 0

]
, it implies 𝜏⌢0 ∈ 𝐿. On the other 

hand, note
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𝑓 (𝜏⌢0) ≤ 𝑓 (𝜏) − 𝑞 − 1 = 𝑞𝑀(𝜏) + 𝑟− 𝑞 − 1 = 𝑞𝑀(𝜏⌢0) + 𝑟− 1.

This implies (𝑞𝜏⌢0, 𝑟𝜏⌢0) <𝑝 (𝑞, 𝑟), which contradicts the choice of 𝜎 as well. Thus,

𝑓 (𝜏⌢0) ≥ 𝑓 (𝜏) − 𝑞. (8)

• Since 𝑓 is a supermartingale, we have

𝑓 (𝜏⌢1) + 𝑓 (𝜏⌢0) ≤ 2𝑓 (𝜏). (9)

Therefore, by (7), (8), and (9), we have

𝑓 (𝜏⌢1) = 𝑓 (𝜏) + 𝑞 = 𝑞𝑀(𝜏⌢1) + 𝑟 and 𝑓 (𝜏⌢0) = 𝑓 (𝜏) − 𝑞 = 𝑞𝑀(𝜏⌢0) + 𝑟.

If 𝑀(𝜏⌢0) > 𝑟, then

(𝑞𝜏⌢1, 𝑟𝜏⌢1) =𝑝 (𝑞𝜏⌢0, 𝑟𝜏⌢0) =𝑝 (𝑞, 𝑟).

By induction, for all 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑟], we have (𝑞𝜏 , 𝑟𝜏 ) =𝑝 (𝑞, 𝑟), i.e., 𝑓 (𝜏) = 𝑞𝑀(𝜏) + 𝑟. □

By replacing 𝑀(𝜎) with 𝑀(𝜎) − 𝑐 for any integer 𝑐 > 0, from Lemma 2.2 and Lemma 2.3, we can actually derive the following 
two extended lemmas.

Lemma 2.4. Given any integer-valued supermartingale 𝑓 , for any string 𝜎0 and integer 𝑐 > 0 with 𝑀(𝜎0) > 𝑓 (𝜎0) + 𝑐, there exist a string 
𝜎 ∈

[
𝜎0 ∶ 𝑀 > 𝑐

]
and a constant 𝑟≤ 𝑓 (𝜎0) such that 𝑟 < 𝑀(𝜎) − 𝑐 and 𝑓 (𝜏) = 𝑟 for all 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑟+ 𝑐].

Lemma 2.5. Given any integer-valued supermartingale 𝑓 , for any string 𝜎0 and integer 𝑐 > 0 with 𝑀(𝜎0) > 𝑐, there exist a string 𝜎 ∈[
𝜎0 ∶ 𝑀 > 𝑐

]
and constants 𝑞, 𝑟∈ℕ such that 𝑟 < 𝑀(𝜎) − 𝑐 and 𝑓 (𝜏) = 𝑞(𝑀(𝜏) − 𝑐) + 𝑟 for all 𝜏 ∈ [𝜎 ∶ 𝑀 > 𝑟+ 𝑐].

3. Integer-valued randomness and cl-reducibilities

Theorem 3.1. A sequence 𝑋 is IVR if and only if for every cl-tt reduction Φ, there are only finitely many oracles that compute 𝑋 via Φ.

This theorem directly follows from the following lemma:

Lemma 3.2. For any integer-valued computable martingale 𝑓 , there exists a total computable cl-map 𝑇 and a natural number 𝑐 such that 
|𝑇 −1(𝜎)| = 𝑓 (𝜎) + 𝑐 for all 𝜎 ∈ 2<𝜔. Moreover, for any sequence 𝑋, we have lim𝑛 𝑓 (𝑋 ↾ 𝑛) =∞ if and only if |𝑇 −1(𝑋)| =∞.

Proof. Let 𝑓 be an integer-valued computable martingale. Let 𝑑 be the least integer such that 𝑓 (𝜆) ≤ 2𝑑 . Let 𝑐 = 2𝑑 − 𝑓 (𝜆) and 
𝑔(𝜎) = 𝑓 (𝜎) + 𝑐 for all 𝜎 ∈ 2<𝜔. Then 𝑔 is an integer-valued computable martingale with 𝑔(𝜆) = 2𝑑 .

We define a computable 𝑑-cl-map 𝑇 ∶ 2≥𝑑 → 2<𝜔 that satisfies the following properties for all strings 𝜎 ∈ 2<𝜔:

(i) |𝑇 −1(𝜎)| = 𝑔(𝜎);
(ii) If 𝜏 ≺ 𝜎 and 𝑔(𝜌) ≥ 𝑔(𝜏) for all 𝜏 ≺ 𝜌 ⪯ 𝜎, then every string in 𝑇 −1(𝜏) has an extension in 𝑇 −1(𝜎).

Clearly, such a 𝑑-cl-map 𝑇 is total.

Construction. We define 𝑇 by specifying the pre-image 𝑇 −1(𝜎) of every 𝜎 ∈ 2<𝜔 inductively.

At stage 0, let 𝑇 −1(𝜆) = 2𝑑 .

At stage 𝑠 + 1, for each 𝜎 ∈ 2𝑠, assuming for all 𝜌 ⪯ 𝜎, 𝑇 −1(𝜌) are defined and properties (i) and (ii) are satisfied, we define 
𝑇 −1(𝜎⌢0) and 𝑇 −1(𝜎⌢1) as follows:

1. Find 𝑖 ∈ {0,1} such that 𝑔(𝜎⌢𝑖) ≤ 𝑔(𝜎⌢(1 − 𝑖)).
2. Search for the longest prefix 𝜎0 of 𝜎 such that 𝑔(𝜎0) ≤ 𝑔(𝜎⌢𝑖).

• If exists, let 𝜎0 be such prefix. Then for all 𝜎0 ≺ 𝜌 ⪯ 𝜎, 𝑔(𝜌) > 𝑔(𝜎⌢𝑖) ≥ 𝑔(𝜎0). By induction assumption, |𝑇 −1(𝜎0)| = 𝑔(𝜎0) and 
every string in 𝑇 −1(𝜎0) has an extension in 𝑇 −1(𝜎). Let 𝑉 be a subset of 𝑇 −1(𝜎) such that |𝑉 | = 𝑔(𝜎⌢𝑖) and each string in 
𝑇 −1(𝜎0) has an extension in 𝑉 . As 𝑔(𝜎⌢𝑖) ≥ 𝑔(𝜎0), such 𝑉 exists.

• Otherwise, let 𝜎0 be undefined, and let 𝑉 be any subset of 𝑇 −1(𝜎) such that |𝑉 | = 𝑔(𝜎⌢𝑖).

3. Let

𝑇 −1(𝜎⌢𝑖) =
⋃
𝜏∈𝑉

{𝜏⌢0} and 𝑇 −1(𝜎⌢(1 − 𝑖)) =
⋃

𝜏∈𝑇−1(𝜎)⧵𝑉

{𝜏⌢0} ∪
⋃

𝜏∈𝑇−1(𝜎)

{𝜏⌢1}.
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Verification.

Claim 3.2.1. 𝑇 is well-defined and properties (i) and (ii) are satisfied for all strings 𝜎 ∈ 2<𝜔.

Proof. First, as 𝑇 −1(𝜆) = 2𝑑 , properties (i) and (ii) are satisfied for 𝜎 = 𝜆.

Now fix some string 𝜎 ∈ 2𝑠. Assume for all 𝜌 ⪯ 𝜎, 𝑇 −1(𝜌) are defined and properties (i) and (ii) are satisfied. By induction it suffices 
to check that during the construction, at stage 𝑠 + 1, the definitions of 𝑇 −1(𝜎⌢0) and 𝑇 −1(𝜎⌢1) satisfy (i) and (ii). Let 𝑖, 𝜎0 and 𝑉 be 
as specified during the construction. By construction, it holds that

|𝑇 −1(𝜎⌢𝑖)| = |𝑉 | = 𝑔(𝜎⌢𝑖)

and

|𝑇 −1(𝜎⌢(1 − 𝑖))| = 2|𝑇 −1(𝜎)|− |𝑉 | = 2𝑔(𝜎) − 𝑔(𝜎⌢𝑖) = 𝑔(𝜎⌢(1 − 𝑖)).

This verifies that property (i) is satisfied for both 𝜎⌢𝑖 and 𝜎⌢(1 − 𝑖).
In case 𝜎0 is undefined, it implies that 𝑔(𝜌) > 𝑔(𝜎⌢𝑖) for all 𝜌 ≺ 𝜎⌢𝑖. Thus, property (ii) is satisfied for 𝜎⌢𝑖 trivially. In case 𝜎0 is 

defined, recall that 𝜎0 is the longest prefix of 𝜎 such that 𝑔(𝜎0) ≤ 𝑔(𝜎⌢𝑖). Suppose 𝜏 ≺ 𝜎⌢𝑖 and 𝑔(𝜌) ≥ 𝑔(𝜏) for all 𝜏 ≺ 𝜌 ⪯ 𝜎⌢𝑖. Then it 
holds that 𝜏 ⪯ 𝜎0 and 𝑔(𝜏) ≤ 𝑔(𝜎0). Moreover, as 𝑔(𝜌) ≥ 𝑔(𝜏) for all 𝜏 ≺ 𝜌 ⪯ 𝜎0 and 𝜎0 ⪯ 𝜎, by induction assumption, every string in 
𝑇 −1(𝜏) has an extension in 𝑇 −1(𝜎0). On the other hand, by construction, every string in 𝑇 −1(𝜎0) has an extension in 𝑇 −1(𝜎⌢𝑖). Thus, 
every string in 𝑇 −1(𝜏) has an extension in 𝑇 −1(𝜎⌢𝑖). Property (ii) is satisfied for 𝜎⌢𝑖 as well.

Now suppose 𝜏 ≺ 𝜎⌢(1 − 𝑖) and 𝑔(𝜌) ≥ 𝑔(𝜏) for all 𝜏 ≺ 𝜌 ⪯ 𝜎⌢(1 − 𝑖). By induction assumption, every string in 𝑇 −1(𝜏) has an 
extension in 𝑇 −1(𝜎). Furthermore, by construction, every string in 𝑇 −1(𝜎) has an extension in 𝑇 −1(𝜎⌢(1 − 𝑖)). Thus, property (ii) is 
satisfied for 𝜎⌢(1 − 𝑖) as well. □

Now we verify 𝑇 and 𝑐 are as required. By property (i), |𝑇 −1(𝜎)| = 𝑔(𝜎) = 𝑓 (𝜎) + 𝑐 for all 𝜎 ∈ 2<𝜔.

Fix any 𝑋 ∈ 2𝜔. If |𝑇 −1(𝑋)| =∞, then

lim
𝑛 𝑓 (𝑋 ↾ 𝑛) = lim

𝑛 |𝑇 −1(𝑋 ↾ 𝑛)|− 𝑐 ≥ |𝑇 −1(𝑋)|− 𝑐 =∞.

On the other hand, suppose lim𝑛 𝑓 (𝑋 ↾ 𝑛) =∞, i.e., lim𝑛 𝑔(𝑋 ↾ 𝑛) =∞. Then there exists an increasing sequence of integers {𝑛𝑘}𝑘∈𝜔

such that for all 𝑘 ∈ 𝜔, it holds that

∀𝑛 ≥ 𝑛𝑘

(
𝑔(𝑋 ↾ 𝑛) ≥ 𝑔(𝑋 ↾ 𝑛𝑘) ≥ 𝑘

)
.

Fix some 𝑘. For any 𝑛 > 𝑛𝑘, as 𝑔(𝑋 ↾ 𝑚) ≥ 𝑔(𝑋 ↾ 𝑛𝑘) for all 𝑛𝑘 < 𝑚 ≤ 𝑛, by property (ii), each string in 𝑇 −1(𝑋 ↾ 𝑛𝑘) has an extension 
in 𝑇 −1(𝑋 ↾ 𝑛). Then each string in 𝑇 −1(𝑋 ↾ 𝑛𝑘) extends at least one sequence in 𝑇 −1(𝑋). That is to say, 𝑇 −1(𝑋) has at least |𝑇 −1(𝑋 ↾
𝑛𝑘)| = 𝑔(𝑋 ↾ 𝑛𝑘) ≥ 𝑘 elements. As 𝑘→∞, we have |𝑇 −1(𝑋)| =∞. □

Theorem 3.1 tells us that every IVR sequence can be cl-computed by at most countably many sequences. However, the following 
theorem tells us that the converse is not true.

Theorem 3.3. There exists a non-IVR sequence such that only countably many oracles cl-compute it.

Proof. Let 𝑀 be the computable integer-valued martingale defined in Section 2. Let {Φ𝑖}𝑖∈𝜔 be a list of all cl-Turing functionals 
and {𝑇𝑖}𝑖∈𝜔 be the corresponding cl-maps. We construct a sequence 𝑋 such that lim𝑛→∞ 𝑀(𝑋 ↾ 𝑛) = ∞, and such that 𝑇 −1

𝑖
(𝑋) is 

countable for each 𝑖. To this end, for each 𝑖, we define a tree 𝑆𝑖 such that:

(i) 𝑆𝑖 has finite width so that it has finitely many paths;

(ii) for each end node 𝜌 ∈ 𝑆𝑖, 𝑇 −1
𝑖

(𝑋) ∩ �𝜌� is finite.

We construct the sequence 𝑋 by finite extension. We inductively define {𝜎𝑒}𝑒∈𝜔, {𝑚𝑒}𝑒∈𝜔 such that the following holds:

𝑀(𝜎𝑒) > 𝑚𝑒, 𝑚𝑒+1 > 𝑚𝑒, |𝜎𝑒+1| > |𝜎𝑒|, and 𝜎𝑒+1 ∈
[
𝜎𝑒 ∶ 𝑀 > 𝑚𝑒

]
. (10)

We also inductively define auxiliary variables {𝑐𝑖}𝑖∈𝜔, {𝑞𝑖}𝑖∈𝜔, {𝑟𝑖}𝑖∈𝜔, and {𝑆𝑖,𝑗}𝑖,𝑗∈𝜔. Let 𝑒 = ⟨𝑖, 𝑗⟩, where we choose the pairing 
function so that ⟨𝑖, 𝑗⟩ is increasing in both arguments. We also make sure the construction obeys the following rule.

(∗) Each set 𝑆𝑖,𝑗 only consists of strings of length 𝑗. At stage 𝑒 + 1, 𝜎𝑒+1, 𝑚𝑒+1 and 𝑆𝑖,𝑗+1 are defined, and in case 𝑗 = 0, 𝑆𝑖,0, 𝑐𝑖, 𝑞𝑖
and 𝑟𝑖 are also defined with the following property satisfied,

|𝑇 −1
𝑖

(𝜏)| = 𝑞𝑖(𝑀(𝜏) − 𝑐𝑖) + 𝑟𝑖 for all 𝜏 ∈
[
𝜎⟨𝑖,0⟩+1 ∶ 𝑀 > 𝑚⟨𝑖,0⟩+1

]
. (11)
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Construction. At stage 0: Let 𝜎0 = 𝜆 and 𝑚0 = 0. Clearly, 𝑀(𝜎0) =𝑀(𝜆) = 1 > 𝑚0, so (10) is satisfied.

At stage 𝑒 + 1(𝑒 ≥ 0): Let 𝑒 = ⟨𝑖, 𝑗⟩. Suppose we have already defined {𝜎𝑘}0≤𝑘≤𝑒, {𝑚𝑘}0≤𝑘≤𝑒 satisfying (10), and in all previous 
stages, the construction obeys (∗).

• In case 𝑗 = 0: Let 𝑐𝑖 = 𝑚𝑒. As |𝑇 −1
𝑖

(⋅)| is an integer-valued supermartingale, by Lemma 2.5, find 𝜎 ∈
[
𝜎𝑒 ∶ 𝑀 > 𝑐𝑖

]
and 𝑞𝑖, 𝑟𝑖 ∈ ℕ

such that

𝑀(𝜎) > 𝑟𝑖 + 𝑐𝑖 and |𝑇 −1
𝑖

(𝜏)| = 𝑞𝑖(𝑀(𝜏) − 𝑐𝑖) + 𝑟𝑖 for all 𝜏 ∈
[
𝜎 ∶ 𝑀 > 𝑟𝑖 + 𝑐𝑖

]
.

Let

𝑚𝑒+1 = 𝑐𝑖 + 𝑟𝑖 + 1, 𝜎𝑒+1 = 𝜎⌢1, 𝑆𝑖,0 = {𝜆}, and 𝑆𝑖,1 = {0,1}.

Note that 𝑀(𝜎𝑒+1) =𝑀(𝜎)+1 > 𝑐𝑖 + 𝑟𝑖 +1 =𝑚𝑒+1 > 𝑚𝑒, |𝜎𝑒+1| > |𝜎| ≥ |𝜎𝑒|, and 𝜎𝑒+1 ∈
[
𝜎𝑒 ∶ 𝑀 > 𝑚𝑒

]
. Thus 𝜎𝑒+1 and 𝑚𝑒+1 satisfy 

(10). Moreover, the construction obeys (∗) for this stage.

• In case 𝑗 > 0: Note that by our choice of pairing function, 𝑒 > ⟨𝑖, 𝑗 − 1⟩ ≥ ⟨𝑖,0⟩. By induction assumption, 𝑐𝑖, 𝑞𝑖 and 𝑟𝑖 are already 
defined at stage ⟨𝑖,0⟩+ 1 and satisfy (11). Moreover, 𝑆𝑖,𝑗 is also already defined at stage ⟨𝑖, 𝑗 − 1⟩+ 1 ≤ 𝑒.

Let 𝐿 = 𝑆𝑖,𝑗 , 𝜂 = 𝜎𝑒, and 𝑐 =𝑚𝑒. If |𝐿| > 𝑞𝑖, we repeat the following until |𝐿| ≤ 𝑞𝑖:

1. Find the shortest 𝜂0 ∈ [𝜂∶ 𝑀 > 𝑐] such that 𝑀(𝜂0) > 𝑞𝑖(𝑐 − 𝑐𝑖) + 𝑐 + 𝑟𝑖. Such 𝜂0 can be easily found by appending enough 
1’s to the end of 𝜂. Note that 𝑐 ≥ 𝑚⟨𝑖,0⟩+1, and 𝜂 ∈

[
𝜎⟨𝑖,0⟩+1 ∶ 𝑀 > 𝑚⟨𝑖,0⟩+1

]
. So 𝜂0 ∈ [𝜂∶ 𝑀 > 𝑐] ⊆

[
𝜎⟨𝑖,0⟩+1 ∶ 𝑀 > 𝑚⟨𝑖,0⟩+1

]
. 

By (11), it holds that

|𝑇 −1
𝑖

(𝜂0)| = 𝑞𝑖(𝑀(𝜂0) − 𝑐𝑖) + 𝑟𝑖. (12)

2. Find 𝜌 ∈𝐿 such that |𝑇 −1
𝑖

(𝜂0) ∩ [𝜌]| < 𝑀(𝜂0) − 𝑐. Such 𝜌 exists because otherwise there are at least 𝑞𝑖 + 1 strings in 𝐿 with 
|𝑇 −1

𝑖
(𝜂0) ∩ [𝜌]| ≥𝑀(𝜂0) − 𝑐, then

|𝑇 −1
𝑖

(𝜂0)| ≥ ∑
𝜌∈𝐿

|𝑇 −1
𝑖

(𝜂0) ∩ [𝜌]|

≥ (𝑞𝑖 + 1)(𝑀(𝜂0) − 𝑐)

> 𝑞𝑖(𝑀(𝜂0) − 𝑐) + (𝑞𝑖(𝑐 − 𝑐𝑖) + 𝑐 + 𝑟𝑖) − 𝑐

= 𝑞𝑖(𝑀(𝜂0) − 𝑐𝑖) + 𝑟𝑖,

which contradicts (12). Here the first inequality holds because by induction assumption, all strings in 𝐿 ⊆ 𝑆𝑖,𝑗 have the 
same length 𝑗, thus for all strings 𝜌 ∈𝐿, [𝜌] are pairwise disjoint.

3. We view |𝑇 −1
𝑖

(⋅) ∩ [𝜌]| as an integer-valued supermartingale rooted at 𝜂0 . By Lemma 2.4, find 𝜂1 ∈
[
𝜂0 ∶ 𝑀 > 𝑐

]
and 𝑟 ≤

|𝑇 −1
𝑖

(𝜂0) ∩ [𝜌]| such that 𝑀(𝜂1) > 𝑐 + 𝑟 and

|𝑇 −1
𝑖

(𝜏) ∩ [𝜌]| = 𝑟 for all 𝜏 ∈
[
𝜂1 ∶ 𝑀 > 𝑐 + 𝑟

]
. (13)

4. Remove 𝜌 from 𝐿, and let 𝑐 + 𝑟 and 𝜂1 be the new values of 𝑐 and 𝜂 respectively.

Note that during the construction, 𝐿, 𝑐 and 𝜂 are dynamic variables whose values could be updated finitely many times. After 
there are finalized, let

𝑚𝑒+1 = 𝑐 + 1, 𝜎𝑒+1 = 𝜂⌢1, and 𝑆𝑖,𝑗+1 = {𝜎⌢0  ∶ 𝜎 ∈𝐿} ∪ {𝜎⌢1  ∶ 𝜎 ∈𝐿}.

By construction, we have 𝜂 ⪰ 𝜎𝑒, 𝑐 ≥ 𝑚𝑒 and 𝑀(𝜂) > 𝑐. It implies 𝑚𝑒+1 = 𝑐 + 1 > 𝑚𝑒 and 𝑀(𝜎𝑒+1) = 𝑀(𝜂) + 1 > 𝑚𝑒+1. Also note 
that |𝜎𝑒+1| > |𝜂| ≥ |𝜎𝑒| and 𝜎𝑒+1 ∈ [𝜂∶ 𝑀 > 𝑐] ⊆

[
𝜎𝑒 ∶ 𝑀 > 𝑚𝑒

]
. Thus 𝜎𝑒+1 and 𝑚𝑒+1 satisfy (10). The construction obeys (∗) for 

this stage as well.

Let 𝑋 = lim𝑒→∞ 𝜎𝑒. And for each 𝑖, let 𝑆𝑖 =
⋃

𝑗≥0 𝑆𝑖,𝑗 .

Verification. First, our construction guarantees that (10) is satisfied for all 𝑒. Thus, for all 𝑒, |𝜎𝑒| ≥ 𝑒 and 𝑀(𝜎𝑒) > 𝑚𝑒 ≥ 𝑒. Therefore, 
𝑋 is indeed an infinite sequence, and for all |𝜎𝑒| ≤ 𝑛 < |𝜎𝑒+1|, 𝑀(𝑋 ↾ 𝑛) > 𝑚𝑒 ≥ 𝑒. Thus, lim𝑛→∞ 𝑀(𝑋 ↾ 𝑛) =∞.

Now fix 𝑖. For each 𝑗, there are at most 𝑞𝑖 many strings of length 𝑗 that have extensions in 𝑆𝑖. Thus, 𝑆𝑖 has at most 𝑞𝑖 many paths. 
On the other hand, for each end node 𝜌 ∈ 𝑆𝑖, by (13), |𝑇 −1

𝑖
(𝑋 ↾ 𝑛) ∩ [𝜌]| is constant for all 𝑛 large enough, so |𝑇 −1

𝑖
(𝑋) ∩ �𝜌�| is finite 

as well. Moreover, by the construction, every sequence either is a path in 𝑆𝑖 or has a prefix which is an end node in 𝑆𝑖. Therefore, 
𝑇 −1
𝑖

(𝑋) is countable. □
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