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 a b s t r a c t

An approximation of a real is a sequence of rational numbers that converges to the real. An approx-
imation is left-c.e. if it is computable and nondecreasing and is d.c.e. if it is computable and has 
bounded variation. A real is computably approximable if it has some computable approximation, 
and left-c.e. and d.c.e. reals are defined accordingly.
 An approximation {𝑎𝑠}𝑠∈𝜔 is speedable if there exists a nondecreasing computable function 𝑓
such that the approximation {𝑎𝑓 (𝑠)}𝑠∈𝜔 converges in a certain formal sense faster than {𝑎𝑠}𝑠∈𝜔. 
This leads to various notions of speedability for reals, e.g., one may require for a computably 
approximable real that either all or some of its approximations of a specific type are speedable.
 Merkle and Titov established the equivalence of several speedability notions for left-c.e. reals 
that are defined in terms of left-c.e. approximations. We extend these results to d.c.e. reals and 
d.c.e. approximations, and we prove that in this setting, being speedable is equivalent to not 
being Martin-Löf random. Finally, we demonstrate that every computably approximable real has 
a computable approximation that is speedable.

1.  Introduction

1.1.  Left-c.e. reals and Solovay reducibility

An approximation of a real is a sequence of rational numbers that converges to that real. In what follows, unless explicitly stated 
otherwise, by real we always refer to a real in (0, 1), the open unit interval, and all rational numbers occurring in an approximation 
are in [0, 1], the closed unit interval. An approximation {𝑎𝑠}𝑠∈𝜔 is computable if 𝑎𝑠 can be computed for given 𝑠. Restricted variants 
of computable approximations are defined as follows. A computable approximation is left-c.e. if it is nondecreasing, right-c.e. if it is 
nonincreasing, and d.c.e if it has bounded variation, i.e., if the sum over the terms |𝑎𝑠 − 𝑎𝑠+1| is finite. A real is computably approximable
if it has a computable approximation, a real is left-c.e. if it has a left-c.e. approximation, and right-c.e. and d.c.e. reals are defined 
accordingly.

Remark 1.1. Every c.a. real has a computable approximation that consists of pairwise distinct dyadic rationals, i.e., of rationals 
with a denominator of the form 2𝑘. Likewise, every left-c.e. real has a left-c.e. approximation that consists of pairwise distinct dyadic 
rationals, and a similar remark holds for right-c.e. and for d.c.e. reals. The easy proofs of these well-known facts are left to the reader.
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$\alpha >a_s>a_{f_i(u)}$


$j\in \aset {1,\ldots ,k}$


$u \ge s \ge n_{2k}\ge n_i$


\begin {equation*}a_{f_{i+j}(v)} \notin I_i(u) = \big [ a_{f_i(u)} - c(a_u - a_{f_i(u)} ),\, a_{f_i(u)} + c(a_u - a_{f_i(u)})\big ].\end {equation*}


$f_{i+j}(v) > v$


$a_{f_{i+j}(v)} > a_{f_i(u)}$


$a_{f_{i+j}(v)} > a_{f_i(u)} + c(a_{f_i(u)} - a_u)$


\begin {equation*}c \abs {a_{f_{i+j}(v)} - a_v} \ge c(a_{f_{i+j}(v)} - a_{f_i(u)}) > c^2 (a_{f_i(u)} - a_u)\ge (a_{f_i(u)} - a_u)/(k-1).\end {equation*}


$a_{f_{i+j}(v)}\notin I_{i+\ell }(v)$


$0\le \ell < j \le k$


$[a_{f_i(u)}, a_u]$


$I_{i+1}(v)$


$I_{i+2}(v)$


$\dots $


$I_{i+k}(v)$


$j\in \aset {1,\ldots ,k}$


$a_{f_{i+j}(v)} \notin [a_{f_i(u)}, a_u]$


$t > v$


$a_t \in (a_{f_i(u)}, a_{s+1}) \subset [a_{f_i(u)}, a_u]$


$f_{i+j}(v) > v$


$\alpha $


$\aset {a_s}\siome $


$\alpha $


$a_s$


$(0,1)$


$s > 0$


$h(s)$


$a_s$


$a_{s-1}$


$1$


\begin {equation*}a^-_s = \max \{a_s - 2^{-h(s)}, 0\} \makebox [5em]{ and } a^+_s = \min \{a_s + 2^{-h(s)}, 1\}.\end {equation*}


$\aset {a_s}\siome $


$\alpha $


$a_s$


$h(s)$


$s$


$h(t) > h(s)$


$t > s$


$s_0$


$s \ge s_0$


$t>s$


$h(t) \le h(s)$


$\liminf _{s\to \infty } h(s) \le h(s_0)$


$\lim _{s\to \infty } h(s) = \infty $


$s$


$a_s$


$\alpha $


$h(s)$


$a^-_s < \alpha < a^+_s$


$\aset {a^-_1, a^+_1, a^-_2, a^+_2, \dots }$


$\alpha $


$\alpha $


$\aset {a_s}\siome $


$\alpha $


$a_s$


$a_i$


$\alpha $


$s>0$


$g(s)>s$


\begin {equation}\label {eq:proof-ca-reals-are-zero-speedable} \abs *{\frac {\alpha - a_{g(s)}}{\alpha -a_{s}}} < \frac {1}{s} \quad \, \text { if and only if } \quad \abs *{\frac {a_i - a_{g(s)}}{a_i-a_{s}}} < \frac {1}{s} \,\,\text { for all sufficiently large~$i$}.\end {equation}


$\aset {b_s}\siome $


$\alpha $


$0$


$s \mapsto s+1$


$i>0$


$g \colon \Nat \rightarrow \Nat $


$g(s) \ge s$


$s$


$s<i$


$i$


$s$


$g(s)$


$0$


$g$


$g(s)=s$


$s$


$i>0$


$s\le i$


$s$


$g(s)$


$b_{2i}=a_s$


$b_{2i+1}=a_{g(s)}$


$s$


$i>0$


$s<i$


$i$


$0<s\le i$


$g(s)=s$


$i-1$


$g$


$s$


$a_i$


$\alpha $


$s$


$m_s > s$


$\delta = \abs *{\alpha - a_s} > 0$


$i, t \ge m_s$


\begin {equation*}\abs {a_i - a_s} > \frac {\delta }{2} \quad \& \quad \abs {a_i - a_t} < \frac {\delta }{2s}, \quad \text { which implies } \quad \abs *{\frac {a_i - a_t}{a_i-a_s}} < \frac {1}{s}.\end {equation*}


$s$


$m_s-s$


$g(s) \ge m_s$


$t$


$i$


$b_{2i}=a_t$


$b_{2i+1}=a_t$


$t$


$s<t$


$t=g(s)$


$i$


$a_t$


$\aset {b_s}\siome $


$\aset {b_s}\siome $


$\alpha $


$\alpha $


$\aset {b_s}\siome $


$0$


$s \mapsto s+1$


$s$


$t_s$


$s$


$t_s \ge s$


$s$


$g(s)$


$i > t_s$


$s$


$t_s \ge s$


\begin {equation*}\abs *{\frac {\alpha - b_{2t_s+1}}{\alpha -b_{2t_s}}} < \frac {1}{s}, \quad \text { which then implies } \quad \liminf _{s\rightarrow \infty }\abs *{\frac {\alpha - b_{s+1}}{\alpha -b_{s}}} = 0.\end {equation*}


$\aset {a_s}\siome $


$[\min \{a_s, a_{s+1}\}, \max \{a_s, a_{s+1}\} ]$


$\aset {I_i}\iiome $


$I_i = [\ell _i, r_i]$


$0 \le \ell _i \le r_i \le 1$


$i$


$\ell _0, r_0, \ell _1, r_1, \ldots $


$d>0$


$i$


\begin {equation}\label {eq:AT} \ell _{i+1} \ge \ell _i + d(r_i - \ell _i) .\end {equation}


\begin {equation*}\sum _i (\abs {r_i - \ell _i} + \abs {\ell _{i+1}-r_i} ) \le \sum _i (\abs {r_i - \ell _i} + \abs {\ell _{i+1}-\ell _i} + \abs {\ell _i - r_i} ) = 2 \sum _i \abs {r_i - \ell _i} + \sum _i \abs {\ell _{i+1}-\ell _i}.\end {equation*}


$\gamma $


$\aset {I_i}\iiome $


$I_i$


$\gamma $


$0$


$\gamma $


$\gamma $


$\gamma $


$\aset {a_s}\siome $


$\aset {[a_s, a_{s+1}]}\siome $


$\gamma $


$\gamma $


$\gamma $


$\gamma $


$\gamma $


$\,$


$(i)$


$\alpha $


$\aset {I_i}\iiome $


$\alpha $


$\aset {a_i}\iiome $


$\alpha $


$\alpha $


$I_i$


$s=0, 1, \ldots $


$I_i$


$s$


$i \le s$


$a_s$


$I_i$


$\alpha $


$I_i$


$\alpha $


$a_s$


$a_s$


$s$


$0$


$s$


$(ii)$


$\aset {a_i}\iiome $


$\alpha $


$\aset {J_i}\iiome $


$J_i = [\ell _i , r_i]$


$\aset {J_i}\iiome $


$\alpha $


$s_i$


$J_i$


$a_{s_i}$


$J_i$


$i$


\begin {equation*}|\ell _{i+1} - r_ i| = |\min J_{i+1} - \max J_{i}| \le |a_{s_{i+1}} -a_{s_i}| + |J_i| + |J_{i+1}| ,\end {equation*}


\begin {equation}\label {eq:upper-bound-dce-test} \sum _{\iiome } \underbrace {|r_i - \ell _i |}_{= |J_i|} + |\ell _{i+1} - r_ i| \le 3 \sum _{\iiome } |J_i| + \sum _{\iiome }|a_{s_{i+1}} -a_{s_i}| \le 3 \sum _{\iiome } |J_i| + \sum _{\iiome }|a_{i+1} -a_i| .\end {equation}


$\aset {J_i}\iiome $


$\aset {a_i}\iiome $


$r_0, \ell _0, r_1, \ell _1, \ldots $


$\aset {J_i}\iiome $


$(iii)$


$\aset {a_i}\iiome $


$\alpha $


$s$


$I$


$I \cap [a_s, 1]$


$\alpha $


$I$


$\alpha $


$a_s < \alpha < 1$


$\alpha $


$\alpha $


$\alpha $


$\frac {1}{3}$


$\aset {a_s}\siome $


$\alpha $


$\frac {1}{3}$


$s \mapsto s+1$


$s$


$\alpha - a_{s+1} \le \frac 13(\alpha -a_s)$


$I_s=[a_s,a_s + 2(a_{s+1} - a_s)]$


$\alpha \in I_s$


$s$


$\alpha $


$\aset {I_s}\siome $


$2(\alpha -a_0)$


$d=\frac {1}{2}$


$\alpha $


$\aset {[\ell _i,r_i]}\iiome $


$d>0$


$\ell _0, \ell _1, \ldots $


$\alpha $


$\alpha $


$i$


$\alpha \in [\ell _i,r_i]$


$\ell _i \le \ell _{i+1} \le \alpha \le r_i$


$\ell _{i+1} - \ell _i \ge d (r_i - \ell _i) \geq d(\alpha - \ell _{i})$


$d\le 1$


\begin {equation*}\frac {\alpha - \ell _{i+1}}{\alpha - \ell _{i}} \leq \frac {\alpha - (\ell _i + d(r_i - \ell _i))}{\alpha - \ell _{i}} = 1-d .\end {equation*}


$\aset {\ell _i}\iiome $


$(1-d)$


$\alpha $
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Recall that an order is a nondecreasing and unbounded function from the set of natural numbers to itself. For further use, note 
that for any computable order 𝑓 , given a c.a. approximation {𝑎𝑠}𝑠∈𝜔, then {𝑎𝑓 (𝑠)}𝑠∈𝜔 is a c.a. approximation of the same real. It is 
easy to check that this implication remains true when replacing the two occurrences of c.a. either both by d.c.e., or both by left-c.e., 
or both by right-c.e.

The class of left-c.e. reals is a central object of study in the field of algorithmic randomness. Solovay reducibility is used to compare 
such reals by the speed of convergence of their left-c.e. approximations. The original definition of Solovay reducibility by Solovay [1] 
applies to all reals, but when restricted to left-c.e. reals, the following equivalent definition due to Calude et al. [2] is better suited 
and more relevant to our discussion (see also the monograph by Downey and Hirschfeldt [3]). For left-c.e. reals 𝛼 and 𝛽, 𝛼 is Solovay 
reducible to 𝛽, denoted 𝛼 ≤𝑆 𝛽, if

(∗) there exist a left-c.e. approximation {𝑎𝑠}𝑠∈𝜔 of 𝛼, a left-c.e. approximation {𝑏𝑠}𝑠∈𝜔 of 𝛽, and a constant 𝑐 such that 𝛼 − 𝑎𝑠 ≤ 𝑐(𝛽 − 𝑏𝑠)
for all 𝑠.

It is well-known that for left-c.e. reals 𝛼 and 𝛽, Condition (∗) is equivalent to the following Condition (∗′), and is equivalent to 
Condition (∗′′) if 𝛽 is not rational.

(∗′) For any left-c.e. approximation {𝑎′𝑠}𝑠∈𝜔 of 𝛼, there exists a left-c.e. approximation {𝑏′𝑠}𝑠∈𝜔 of 𝛽 and a constant 𝑐 such that 
𝛼 − 𝑎′𝑠 ≤ 𝑐(𝛽 − 𝑏′𝑠) for all 𝑠.

(∗′′) For any left-c.e. approximation {𝑏′′𝑠 }𝑠∈𝜔 of 𝛽, there exists a left-c.e. approximation {𝑎′′𝑠 }𝑠∈𝜔 of 𝛼 and a constant 𝑐 such that 
𝛼 − 𝑎′′𝑠 ≤ 𝑐(𝛽 − 𝑏′′𝑠 ) for all 𝑠.

Trivially, for left-c.e. reals 𝛼 and 𝛽, each of the two latter conditions implies the first one. For a proof of the reverse implications, 
assume that condition (∗) holds for some constant 𝑐, and left-c.e. approximations {𝑎𝑠}𝑠∈𝜔 and {𝑏𝑠}𝑠∈𝜔 of reals 𝛼 and 𝛽, respectively, 
where we can assume 𝑎0 = 0. If 𝛼 is rational, condition (∗′) follows easily, details are left to the reader. Otherwise, given a left-c.e. 
approximation {𝑎′𝑠}𝑠∈𝜔 of 𝛼, for each 𝑠, let 𝑓 (𝑠) be the largest index such that 𝑎′𝑠 ≥ 𝑎𝑓 (𝑠). The function 𝑓 is well-defined since 𝑎0 = 0, and 
it is a computable order since by case assumption, all values 𝑎𝑠 and 𝑎′𝑠 differ from 𝛼. Condition (∗′) then follows by letting 𝑏′𝑠 = 𝑏𝑓 (𝑠). 
Given a left-c.e. approximation {𝑏′′𝑠 }𝑠∈𝜔 of 𝛽, for each 𝑠, let 𝑔(𝑠) be the smallest index such that 𝑏′′𝑠 ≤ 𝑏𝑔(𝑠). By assumption on 𝛽, all 
values 𝑏𝑠 and 𝑏′′𝑠  differ from 𝛽, hence the function 𝑔(𝑠) is a well-defined computable order, and condition (∗′′) follows by letting 𝑎′′𝑠 =
𝑎𝑔(𝑠).

These equivalences indicate that in a setting of left-c.e. reals, the notion of Solovay reducibility is robust and, intuitively speaking, 
𝛼 ≤𝑆 𝛽 amounts to 𝛼 being approximable by left-c.e. approximations at least as fast as 𝛽 up to a constant factor.

1.2.  Martin-Löf randomness

In algorithmic randomness, various concepts of random reals or, essentially equivalent, random infinite binary sequences are 
investigated. The concept that is most central and receives the most attention in the literature is Martin-Löf randomness, which can 
be defined in several equivalent ways; see the monograph by Downey and Hirschfeldt [3] for details. In what follows, the term random 
is used as a shorthand for Martin-Löf random.

1.3.  Convergence rate of random left-c.e. reals

The degree structure induced by Solovay reducibility on the class of left-c.e. reals turned out to be rich and has been well studied [1,
2,4,5]. A fundamental result is the following theorem due to Solovay [1] and to Kučera and Slaman [6].
Theorem 1.2  (Solovay, Kučera and Slaman). A left-c.e. real is Solovay complete if and only if it is Martin-Löf random. 
Here, a left-c.e. real is Solovay complete if every left-c.e. real is Solovay reducible to it. One way to interpret this theorem is that among 
left-c.e. reals exactly the random ones converge as slowly as possible.

The most well-known example of a random left-c.e. real is Chaitin’s Ω [7], which is defined as the halting probability of a universal 
prefix-free Turing machine. In fact, it is known that every random left-c.e. real is the halting probability of some universal prefix-free 
machine [1,2,4,5]. As a consequence, all random left-c.e. reals share many properties with Ω, and accordingly such reals are called 
Omega numbers.

Since computable approximations to a random left-c.e. real converge so slowly, their speed of convergence can be set as a bench-
mark for the speed of convergence of other left-c.e. reals. This phenomenon was further explored by Barmpalias and Lewis-Pye [8] 
and by Miller [9].

Fix a random left-c.e. real Ω with a left-c.e. approximation {Ω𝑠}𝑠∈𝜔. Given a d.c.e. real 𝛼 with a d.c.e. approximation {𝛼𝑠}𝑠∈𝜔, let

𝜕𝛼 = 𝜕{𝛼𝑠} = lim
𝑠→∞

𝛼 − 𝛼𝑠
Ω − Ω𝑠

.

For this notion of 𝜕𝛼, Barmpalias and Lewis-Pye [8] showed the following result.
Theorem 1.3  (Barmpalias and Lewis-Pye). For any random left-c.e. real 𝛼 with a left-c.e. approximation {𝛼𝑠}𝑠∈𝜔, the limit 𝜕𝛼 exists and 
is independent of the choice of the approximation {𝛼𝑠}𝑠∈𝜔. 
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Accordingly, 𝜕𝛼 is well-defined for any left-c.e. real 𝛼. Miller [9] observed that this result can be easily extended to all d.c.e. reals, in 
the following nicer form.
Theorem 1.4  (Barmpalias and Lewis-Pye, Miller). For any d.c.e. real 𝛼, 𝜕𝛼 is well-defined and 𝜕𝛼 = 0 if and only if 𝛼 is not random. 
Theorem 1.4 implies that all the d.c.e. approximations to a random d.c.e. real converge at exactly the same speed.

1.4.  Definition of speedability

Given the previous discussion of comparing the convergence rates of approximations of two different left-c.e. reals, it is natural 
to consider the convergence rates of different computable approximations of a single real, and the possibility of speeding up the 
convergence of a given computable approximation. This leads to the notion of speedability of a computable approximation.
Definition 1.5. Let {𝑎𝑠}𝑠∈𝜔 be a computable approximation that converges to a real 𝛼 and let 𝜌 be some rational in [0, 1). The 
approximation {𝑎𝑠}𝑠∈𝜔 is 𝜌-speedable if either 𝛼 is rational or, if 𝛼 is not rational, if there is a computable order 𝑓 such that

lim inf
𝑠→∞

|

|

|

|

𝛼 − 𝑎𝑓 (𝑠)
𝛼 − 𝑎𝑠

|

|

|

|

≤ 𝜌. (1)

The approximation {𝑎𝑠}𝑠∈𝜔 is speedable if it is 𝜌-speedable for some 𝜌 ∈ [0, 1).

Note that a computable approximation cannot be 𝜌-speedable for negative 𝜌 and is always 𝜌-speedable for 𝜌 ≥ 1, hence, in connection 
with 𝜌-speedability, only values of 𝜌 in the interval [0, 1) are relevant. For left-c.e. approximations, as long as 𝜌 is nonzero, the actual 
choice of 𝜌 within the latter interval does not matter by the following result of Merkle and Titov [10], Lemma 8.
Lemma 1.6  (Merkle and Titov). If a left-c.e. approximation is 𝜌-speedable for some 𝜌 < 1, then it is 𝜌-speedable for all 𝜌 ∈ (0, 1). 
Remark 1.7. The proof in Merkle and Titov [10] only works for left-c.e. approximations, as it uses the monotonicity of the ap-
proximation in an essential way. However, by Theorem 2.1 an assertion similar to Lemma 1.6 holds for d.c.e. approximations: if a 
d.c.e. approximation is 𝜌-speedable for some 𝜌 < 1, then there exists a 0-speedable d.c.e. approximation of the same real. The latter 
assertion remains true when both occurrences of d.c.e. are replaced by c.a.; we will, however, show the stronger result that all c.a. 
reals have a 0-speedable c.a. approximation. 
Every c.a. real has a 0-speedable c.a. approximation, but if the real is random, it cannot have a speedable left-c.e. approximation. 
This suggests investigating the speedability of different types of computable approximations of the various types of c.a. reals.
Definition 1.8. Let 𝛼 be a real, and 𝜌 be some rational. Let 𝖷 stand for one of the terms left-c.e., right-c.e., d.c.e., or c.a.

• The real 𝛼 is 𝖷 (𝜌-)speedable if it has a (𝜌-)speedable 𝖷 approximation.
• The real 𝛼 is strongly 𝖷 (𝜌-)speedable if it has an 𝖷 approximation that is (𝜌-)speedable via the function 𝑠 ↦ 𝑠 + 1.
• The real 𝛼 is fully 𝖷 speedable if it is 𝖷 and all of its 𝖷 approximations are speedable.
• The real 𝛼 is weakly 𝖷 speedable if there exist a rational 𝜌 ∈ (0, 1) and two 𝖷 approximations {𝑎𝑠}𝑠∈𝜔 and {𝑏𝑠}𝑠∈𝜔 of 𝛼 such that

lim inf
𝑠→∞

|

|

|

|

𝛼 − 𝑏𝑠
𝛼 − 𝑎𝑠

|

|

|

|

≤ 𝜌. (2)

For all 𝖷 ∈ {left-c.e.,  right-c.e.,  d.c.e.,  c.a.}, the following hold.
𝖷 0-speedability ⇒ 𝖷 speedability; (3)

strong 𝖷 speedability ⇒ 𝖷 speedability; (4)

full 𝖷 speedability ⇒ 𝖷 speedability; (5)

𝖷 speedability ⇒ weak 𝖷 speedability. (6)

The first three implications hold by definition. For a proof of (6), let 𝛼 be a real that has an 𝖷 approximation {𝑎𝑠}𝑠∈𝜔 that is speedable 
via some computable order 𝑓 . Then {𝑎𝑓 (𝑠)}𝑠∈𝜔 is an 𝖷 approximation of 𝛼 by Remark 1.1, and the approximations {𝑎𝑠}𝑠∈𝜔 and 
{𝑎𝑓 (𝑠)}𝑠∈𝜔 witness that 𝛼 is weakly 𝖷 speedable.

1.5.  Left-c.e. speedability

For left-c.e. in place of 𝖷, the implications in (4), (5), and (6) can be reversed.
Theorem 1.9  (Merkle and Titov). For a left-c.e. real 𝛾, the following are equivalent.

(i) 𝛾 is left-c.e. speedable.
(ii) 𝛾 is strongly left-c.e. 𝜌-speedable for all 𝜌 ∈ (0, 1).
(iii) 𝛾 is fully left-c.e. speedable.
(iv) 𝛾 is weakly left-c.e. speedable.
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Remark 1.10. The equivalence of (i), (ii), and (iii) was shown by Merkle and Titov [10]. Concerning (iv), it follows as a special 
case of (6) that left-c.e. speedability implies weak left-c.e. speedability. For a proof of the reverse implication, we can assume that 𝛼
is not rational. Suppose 𝛼 satisfies the definition of weakly left-c.e. 𝜌-speedable via two left-c.e. approximations {𝑎𝑠}𝑠∈𝜔 and {𝑏𝑠}𝑠∈𝜔. 
We define a function 𝑓 ∶ ℕ → ℕ by letting 𝑓 (𝑛) be the least number such that 𝑎𝑓 (𝑛) ≥ 𝑏𝑛. It is easy to check that 𝑓 is a well-defined 
computable order such that 𝛼 is 𝜌-speedable via 𝑓 .

Theorem 1.3 implies that left-c.e. random reals cannot be left-c.e. speedable. Following the latter observation, Merkle and 
Titov [10] asked whether this yields a characterization of the random left-c.e. reals.
Question 1. Are all nonrandom left-c.e. reals left-c.e. speedable?
This question was later answered in the negative by Hölzl and Janicki [11].

By Lemma 1.6, every speedable left-c.e. approximation is 𝜌-speedable for all 𝜌 > 0. It is then natural to ask whether this inclusion 
can be extended to the case 𝜌 = 0, i.e., whether (3) can be reversed for left-c.e. in place of 𝖷.
Question 2. Are all left-c.e. speedable reals left-c.e. 0-speedable?
This question was also answered in the negative by Hölzl, Janicki, Merkle, and Stephan [12].

1.6.  Our results and outline of the paper

The main goal of this paper is to study the speedability notions in Definition 1.8 and their relation with randomness. Note that 
given a right-c.e. approximation {𝑎𝑠}𝑠∈𝜔 of a real 𝛼, we can consider the left-c.e. approximation {1 − 𝑎𝑠}𝑠∈𝜔 and its limit 1 − 𝛼. 
Consequently, right-c.e. speedability is fully symmetric to left-c.e. speedability, and all results about left-c.e. speedability can be 
translated to right-c.e. speedability. In particular, Theorem 1.9 holds for right-c.e. in place of left-c.e. as well.

In Section 2, we will show that for d.c.e. in place of 𝖷, the implications (3), (4) and (6) can be reversed. Moreover, we will prove 
that a d.c.e. real is d.c.e. speedable if and only if it is nonrandom. Thus, Questions 1 and 2 both have positive answers in the d.c.e. 
case.

By the negative answer to Question 1 by Hölzl and Janicki [11], there is a nonrandom left-c.e. real that is not left-c.e. speedable. 
The latter real, on the one hand, it is not fully d.c.e. speedable, since it has a left-c.e. approximation which is not speedable and all 
left-c.e. approximations are also d.c.e. approximations; on the other hand, it is d.c.e. speedable by our result, since it is nonrandom. 
Thus, the reverse of the implication (5) does not hold for d.c.e. in place of 𝖷. However, as shown in Section 2.2, the reverse implication 
holds when restricting attention to d.c.e. reals that are neither left-c.e. nor right-c.e.

In Section 3, we study the speedability of c.a. reals. We first prove that every c.a. real is speedable. With a more involved argument, 
we then show that every c.a. real is strongly c.a. 0-speedable.

Though Question 2 has a negative answer, the following question is still of interest.
Question 3. Which left-c.e. reals exactly are speedable?
We would like to obtain a characterization of the left-c.e. speedable reals among the left-c.e. reals by some randomness notion. This 
would lead to a characterization of the fully d.c.e. speedable reals among the d.c.e. reals as well. In Section 4, as a step toward 
answering Question 3, we characterize the left-c.e. speedable reals as the reals that can be covered by suitably restricted Solovay 
tests.

1.7.  Notation

For standard notation and definitions in computability and randomness, we refer to the monograph by Downey and Hirschfeldt [3]. 
In the remainder of this section, we recall some notation specific to this article and adopt some conventions.

The set of natural numbers, which includes 0, is usually denoted by ℕ, and is denoted by 𝜔 when used in subscripts. A real with 
binary expansion 0.𝑏0𝑏1𝑏2 … is identified with the infinite binary sequence 𝑏0⌢ 𝑏1⌢ 𝑏2 ⋯. For a dyadic rational, it is always assumed 
that its binary expansion ends with infinitely many zeros.

An approximation {𝑎𝑠}𝑠∈𝜔 of a real 𝛼 is two-sided if there are infinitely many 𝑠 such that 𝑎𝑠 < 𝛼 and infinitely many 𝑠 such that 
𝑎𝑠 > 𝛼. Such an approximation is left-sided if for all but finitely many 𝑠, 𝑎𝑠 ≤ 𝛼, and it is right-sided if for all but finitely many 𝑠, 𝑎𝑠 ≥ 𝛼.

Remark 1.11. For a real 𝛼 that is neither left-c.e. nor right-c.e., all its computable approximations must be two-sided. For a proof by 
contradiction, assume that the real has a left-sided computable approximation {𝑎𝑠}𝑠∈𝜔, and fix an index 𝑡 such that 𝑎𝑠 ≤ 𝛼 for all 𝑠 ≥ 𝑡. 
Letting 𝑏𝑠 be the maximum of 𝑎𝑡,… , 𝑎𝑡+𝑠 yields the left-c.e. approximation {𝑏𝑠}𝑠∈𝜔 of 𝛼, contrary to assumption. By a symmetric 
argument, 𝛼 cannot have a right-sided computable approximation, either.

The term string always refers to a finite binary string. For a string 𝜎, its length is denoted by |𝜎|. Given two strings 𝜎 and 𝜏, we 
write 𝜎 ≺ 𝜏, if 𝜎 is a proper prefix of 𝜏. For a set 𝐴 of strings, we say 𝐴 is prefix-free if no string in 𝐴 is a prefix of another string in 𝐴.

For a string 𝜎, let J𝜎K denote the set of all infinite binary sequences that extend 𝜎. For a set 𝐸 of strings, we define J𝐸K =
⋃

𝜎∈𝐸J𝜎K. 
Let 𝜇 denote the Lebesgue measure. For simplicity, we write 𝜇(J𝐸K) as 𝜇(𝐸).

We identify a Martin-Löf test with a uniformly computable sequence {𝑈𝑖}𝑖∈𝜔 of prefix-free sets of strings such that 𝜇(𝑈𝑖) ≤ 2−𝑖 for 
all 𝑖. A real 𝛾 is random if there is no Martin-Löf test {𝑈𝑖}𝑖∈𝜔 such that 𝛾 ∈

⋂

𝑖J𝑈𝑖K.
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We also identify a Solovay test with a sequence {[𝓁𝑖, 𝑟𝑖]}𝑖∈𝜔 of nonempty intervals such that {𝓁𝑖}𝑖∈𝜔 and {𝑟𝑖}𝑖∈𝜔 are computable 
sequences of dyadic rationals in [0, 1] and the sum over the terms 𝑟𝑖 − 𝓁𝑖 converges. It is known that a real 𝛾 is not random if and only 
if there is such a Solovay test such that 𝛾 ∈ [𝓁𝑖, 𝑟𝑖] for infinitely many 𝑖, and in this situation we say the real 𝛾 is covered by or fails 
the Solovay test.

2.  D.c.e. speedability

2.1.  D.c.e. speedability and randomness

Theorem 2.1. For a d.c.e. real 𝛾, the following are equivalent.

(i) 𝛾 is strongly d.c.e. 0-speedable.
(ii) 𝛾 is d.c.e. speedable.
(iii) 𝛾 is weakly d.c.e. speedable.
(iv) 𝛾 is nonrandom.

Proof.  The chain of implications (i) ⇒ (ii) ⇒ (iii) follows by (4) and (6), while the implications (iii) ⇒ (iv) and (iv) ⇒ (i) are precisely 
the statements of Lemmas 2.2 and 2.3, respectively. ∎
Lemma 2.2. If 𝛾 is a random d.c.e. real, then 𝛾 is not weakly d.c.e. speedable.
Proof.  Let 𝛾 be a random d.c.e. real, and let {𝑎𝑠}𝑠∈𝜔 and {𝑏𝑠}𝑠∈𝜔 be any two d.c.e. approximations of 𝛾. By Theorem 1.4, we have 
𝜕{𝑎𝑠} = 𝜕{𝑏𝑠} = 𝜕𝛾 ≠ 0, i.e.,

lim
𝑠→∞

𝛾 − 𝑎𝑠
Ω − Ω𝑠

= lim
𝑠→∞

𝛾 − 𝑏𝑠
Ω − Ω𝑠

≠ 0.

Then

lim
𝑠→∞

𝛾 − 𝑏𝑠
𝛾 − 𝑎𝑠

= lim
𝑠→∞

𝛾−𝑏𝑠
Ω−Ω𝑠
𝛾−𝑎𝑠
Ω−Ω𝑠

= 1.

Thus, 𝛾 is not weakly d.c.e. speedable. ∎
Merkle and Titov [10] observed that it is immediate from Theorem 1.3 that a random left-c.e. real cannot be left-c.e. speedable. 

Moreover, they gave a direct combinatorial proof for the latter assertion. Similar to the left-c.e. case, here we also give a direct 
combinatorial proof of Lemma 2.2.
Proof.  [Alternative proof of Lemma 2.2] For a proof by contradiction, assume that for some random real 𝛼, there are d.c.e. approxi-
mations {𝑎𝑠}𝑠∈𝜔 and {𝑏𝑠}𝑠∈𝜔 of 𝛼 and 𝜌 ∈ (0, 1) such that

|

|

𝛼 − 𝑏𝑠|| ≤ 𝜌|
|

𝛼 − 𝑎𝑠|| for infinitely many 𝑠. (7)

By an argument of Rettinger [[3], Theorem 9.2.4], d.c.e. approximations of the random real 𝛼 cannot be two-sided. Thus, the 
two approximations {𝑎𝑠}𝑠∈𝜔 and {𝑏𝑠}𝑠∈𝜔 must be left-sided or right-sided. Actually, they must be either both left-sided or both right-
sided; otherwise, the real 𝛼 would be left-c.e. and right-c.e., hence computable. Without loss of generality, we can assume that both 
approximations are left-sided.

We define a function 𝑓 ∶ ℕ → ℕ by letting 𝑓 (0) = 1 and for all 𝑠 ≥ 0,

𝑓 (𝑠 + 1) = min{𝑖 > 𝑓 (𝑠)∶ 𝑎𝑖 ≥ 𝑏𝑠+1}.

It is easy to check that 𝑓 is well-defined and is a strictly increasing computable function where 𝑓 (𝑠) ≥ 𝑠 + 1 and 𝑎𝑓 (𝑠) ≥ 𝑏𝑠 for all 𝑠. 
Moreover, by (7), we have

𝛼 − 𝑎𝑓 (𝑠) ≤ 𝜌(𝛼 − 𝑎𝑠) for infinitely many 𝑠. (8)

We partition the natural numbers into consecutive intervals {𝐽𝑟}𝑟∈𝜔, which are defined inductively. Let 𝐽0 = {0}, and for 𝑟 ≥ 0 let
𝐽𝑟+1 = {max 𝐽𝑟 + 1,max 𝐽𝑟 + 2,… , 𝑓 (max 𝐽𝑟)}.

By construction and since the function 𝑓 is strictly increasing, for all 𝑟 and all 𝑠 in 𝐽𝑟, the value 𝑓 (𝑠) is in 𝐽𝑟 ∪ 𝐽𝑟+1. For all 𝑟 let
𝑐𝑟 = min{𝑎𝑠 ∶ 𝑠 ∈ 𝐽𝑟}  and 𝑑𝑟 = max{𝑎𝑠 ∶ 𝑠 ∈ 𝐽𝑟 ∪ 𝐽𝑟+1}.

Now fix indices 𝑠 and 𝑟 such that 𝑠 is in 𝐽𝑟, and note that 𝑐𝑟 ≤ 𝑎𝑠 and 𝑑𝑟 ≥ 𝑎𝑓 (𝑠). Moreover, 𝑎𝑗 < 𝛼 holds for all 𝑗. Since every interval 𝐽𝑟
is finite, by (8), for infinitely many 𝑟 we have

𝛼 − 𝑑𝑟 ≤ 𝜌(𝛼 − 𝑐𝑟),  i.e., 𝛼 ≤ 𝑐𝑟 +
1

1 − 𝜌
(𝑑𝑟 − 𝑐𝑟). (9)

Let 𝐼𝑟 = [𝑐𝑟, 𝑐𝑟 +
1

1−𝜌 (𝑑𝑟 − 𝑐𝑟)]. Then 𝛼 ∈ 𝐼𝑟 for infinitely many 𝑟.
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On the other hand, as 𝑑𝑟 ∈ {𝑎𝑠 ∶ 𝑠 ∈ 𝐽𝑟 ∪ 𝐽𝑟+1} and 𝑐𝑟 ∈ {𝑎𝑠 ∶ 𝑠 ∈ 𝐽𝑟}, it follows by the triangle inequality that 𝑑𝑟 − 𝑐𝑟 ≤
∑

𝑠∈𝐽𝑟∪𝐽𝑟+1 |𝑎𝑠+1 − 𝑎𝑠|. Then
∑

𝑟∈𝜔
(𝑑𝑟 − 𝑐𝑟) ≤

∑

𝑟∈𝜔

∑

𝑠∈𝐽𝑟∪𝐽𝑟+1

|𝑎𝑠+1 − 𝑎𝑠| ≤ 2
∑

𝑠∈𝜔
|𝑎𝑠+1 − 𝑎𝑠| < ∞.

Therefore, the sum of the lengths of the intervals 𝐼𝑟 is finite. Thus {𝐼𝑟}𝑟∈𝜔 is a Solovay test that covers the random real 𝛼, a contra-
diction. ∎
Lemma 2.3. If 𝛾 is a nonrandom d.c.e. real, then 𝛾 is strongly d.c.e. 0-speedable.
Proof.  We can assume that 𝛾 is not rational because, otherwise, {𝛾 − 2−𝑠2}𝑠∈𝜔 is a strongly d.c.e. 0-speedable approximation to 𝛾. Fix 
some d.c.e. approximation {𝑟𝑗}𝑗∈𝜔 of 𝛾. By Remark 1.1, we can assume that the 𝑟𝑗 are pairwise distinct dyadic rationals. Let 𝜏𝑗 be the 
unique string with no trailing zeros such that 𝑟𝑗 = 0.𝜏𝑗 . As 𝛾 is not random, let {𝑈𝑖}𝑖∈𝜔 be a Martin-Löf test which covers 𝛾, i.e., we 
have for all 𝑖

𝜇(𝑈𝑖) ≤ 2−𝑖  and 𝛾 ∈ J𝑈𝑖K.

As {𝑈𝑖}𝑖∈𝜔 are uniformly c.e., we can assume that the sets 𝑈𝑖 are pairwise disjoint. This can be achieved by modifying the uniform 
enumeration process as follows: whenever there is some string 𝜎 to be enumerated into 𝑈𝑗 that has already appeared before in some 
other set 𝑈𝑖, instead of 𝜎, enumerating into 𝑈𝑗 all extensions of 𝜎 of a suitable length such that these strings have not appeared as far 
in the whole enumeration. Let 𝜎0, 𝜎1,… be an effective enumeration of all the strings in 𝑈2𝑘 for all 𝑘.

We construct an approximation {𝑐𝑠}𝑠∈𝜔 of 𝛾 such that

lim inf
𝑠→∞

|

|

|

|

𝛾 − 𝑐2𝑠+1
𝛾 − 𝑐2𝑠

|

|

|

|

= 0. (10)

Construction:  At stage 0: declare all strings 𝜎𝑖 except 𝜎0 to be unused, and let 𝑖(0) = 𝑗(0) = 0.
At stage 𝑠 > 0: let 𝑗(𝑠) be the minimum index 𝑗 > 𝑗(𝑠 − 1) such that for some 𝑖 ≤ 𝑗, the string 𝜎𝑖 is yet unused and a prefix of 𝜏𝑗 . (We 
show the existence of such indices 𝑖 and 𝑗 shortly in the verification part below.) Among all such indices 𝑖, let 𝑖(𝑠) be equal to the 
minimum one and declare 𝜎𝑖(𝑠) to be used. We let 𝑘(𝑠) be the unique index such that 𝜎𝑖(𝑠) is in  𝑈2𝑘(𝑠). Then we let

𝑐2𝑠 = 𝑟𝑗(𝑠) + 𝛿𝑠  and 𝑐2𝑠+1 = 𝑟𝑗(𝑠)  where 𝛿𝑠 = 2−|𝜎𝑖(𝑠)|+𝑘(𝑠).

Verification:  We call a string true, if it is in {𝜎𝑖}𝑖∈𝜔 and is a prefix of 𝛾. By choice of the 𝑈𝑖, each 𝑈2𝑘 contains a true string. Then there 
are infinitely many true strings. As {𝑟𝑡}𝑡∈𝜔 converge to 𝛾, thus each of the infinitely many true strings 𝜎𝑟 is a prefix of 𝜏𝑡 for almost 
all 𝑡. So in each stage there are indices 𝑗 and 𝑖 as required. Consequently, the sequences {𝑖(𝑠)}𝑠∈𝜔 and {𝑗(𝑠)}𝑠∈𝜔 are well-defined. 
Furthermore, both sequences are computable because the construction is effective. By definition, the sequence {𝑗(𝑠)}𝑠∈𝜔 is strictly 
increasing. Since we never make a string 𝜎𝑖 unused again after it has been used, every string 𝜎𝑖 is used at most once.

For every true string 𝜎𝑟, there must be a stage 𝑠 such that 𝜎𝑟 is a prefix of 𝜏𝑗 for all 𝑗 ≥ 𝑠. Then if 𝜎𝑟 has not been used at stage 𝑠
yet, by definition, 𝜎𝑟 must be used in at most 𝑟 many more stages. Thus, every true string is used eventually.

We call a stage true, if a true string is used at this stage. Let 𝑠 be a true stage. The strings 𝜏𝑗(𝑠) and 𝛾 share the prefix 𝜎𝑖(𝑠), hence 
the reals 𝑟𝑗(𝑠) = 𝑐2𝑠+1 and 𝛾 differ at most by 2−|𝜎𝑖(𝑠)|. On the other hand, the values 𝑐2𝑠 and 𝑟𝑗(𝑠) differ by 𝛿𝑠 = 2−|𝜎𝑖(𝑠)|+𝑘(𝑠), hence 𝑐2𝑠
and 𝛾 differ by at least (2𝑘(𝑠) − 1)2−|𝜎𝑖(𝑠)|. Thus,

|

|

|

|

𝛾 − 𝑐2𝑠+1
𝛾 − 𝑐2𝑠

|

|

|

|

≤ 1
2𝑘(𝑠) − 1

 for every true stage 𝑠. (11)

Since each 𝑈2𝑘 is prefix-free, it contains only one true string. On the other hand, in every stage the string used is distinct. Then 𝑘(𝑠)
are different for different true stages 𝑠. Thus, (11) implies (10), as there are infinitely many true stages.

To complete the proof, it remains to show that the sequence {𝑐𝑖}𝑖∈𝜔 is a d.c.e. approximation of 𝛾. It suffices to show that the sum 
over the terms |𝑐𝑖+1 − 𝑐𝑖| is finite. Note that the latter implies, in particular, that the sequence {𝑐𝑖}𝑠∈𝜔 converges, hence converges to 
the same limit 𝛾 as its subsequence {𝑟𝑗(𝑠)}𝑠∈𝜔. By definition, we have

|𝑐2𝑠+1 − 𝑐2𝑠| ≤ 𝛿𝑠  and |𝑐2𝑠+2 − 𝑐2𝑠+1| ≤ |𝑟𝑗(𝑠+1) − 𝑟𝑗(𝑠)| + 𝛿𝑠+1.

By the triangle inequality and because {𝑟𝑗(𝑠)}𝑠∈𝜔 is an increasing subsequence of the d.c.e. approximation {𝑟𝑗}𝑗∈𝜔, the sum over the 
terms |𝑟𝑗(𝑠+1) − 𝑟𝑗(𝑠)| is finite. The sum over the 𝛿𝑠 is also finite since each 𝜎𝑖 is used at most once. We have

∑

𝑠∈𝜔
𝛿𝑠 =

∑

𝑠∈𝜔
2−|𝜎𝑖(𝑠)|+𝑘(𝑠) ≤

∑

𝑘∈𝜔

∑

𝜎∈𝑈2𝑘

2−|𝜎|+𝑘 ≤
∑

𝑘∈𝜔
2𝑘

∑

𝜎∈𝑈2𝑘

2−|𝜎| ≤
∑

𝑘∈𝜔
2−𝑘 = 2.

 ∎

2.2.  Full d.c.e. speedability

Lemma 2.4. Every two-sided computable approximation is speedable.
For the proof, we need the following technical fact.
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Fig. 1. 𝑎𝑓1(𝑢), 𝑎𝑓2(𝑢), …, 𝑎𝑓𝑘(𝑢) jump over the interval [𝑎𝑠+1 − 𝑐(𝑎𝑠+1 − 𝑎𝑠), 𝑎𝑠+1], thus there exists 𝑖 ∈ {1,… , 𝑘} such that 𝑎𝑓𝑖(𝑢) < 𝑎𝑠.

Proposition 2.5. Given an interval [𝑎, 𝑏] and an array of intervals 𝐼0 = [𝑧0 − 𝑑0, 𝑧0 + 𝑑0], …, 𝐼𝑚 = [𝑧𝑚 − 𝑑𝑚, 𝑧𝑚 + 𝑑𝑚], if 𝑑𝑖 ≥ (𝑏 − 𝑎)∕𝑚
for every 0 ≤ 𝑖 ≤ 𝑚 and 𝑧𝑗 ∉ 𝐼𝑖 for all 0 ≤ 𝑖 < 𝑗 ≤ 𝑚, then there exists 𝑖 ∈ {0,… , 𝑚} such that 𝑧𝑖 ∉ [𝑎, 𝑏].

Proof.  For all 0 ≤ 𝑖 < 𝑗 ≤ 𝑚, as 𝑧𝑗 ∉ 𝐼𝑖, we have |𝑧𝑗 − 𝑧𝑖| > 𝑑𝑖 ≥ (𝑏 − 𝑎)∕𝑚. Rearrange 𝑧0,… , 𝑧𝑚 in order of magnitude such that 𝑧𝜋(0) <
⋯ < 𝑧𝜋(𝑚). Then 𝑧𝜋(𝑖) − 𝑧𝜋(𝑖−1) > (𝑏 − 𝑎)∕𝑚 for all 0 < 𝑖 ≤ 𝑚. Thus,

𝑧𝜋(𝑚) − 𝑧𝜋(0) =
𝑚
∑

𝑖=1
(𝑧𝜋(𝑖) − 𝑧𝜋(𝑖−1)) > 𝑚 ⋅

𝑏 − 𝑎
𝑚

= 𝑏 − 𝑎.

Therefore, the interval [𝑎, 𝑏] cannot cover both 𝑧𝜋(𝑚) and 𝑧𝜋(0). ∎
Proof.  [Proof of Lemma 2.4] Given {𝑎𝑠}𝑠∈𝜔 as in the hypothesis and 𝜌 ∈ (0, 1), for a contradiction suppose that {𝑎𝑠}𝑠∈𝜔 is not 𝜌-
speedable.

Let 𝑐 = 𝜌∕(1 + 𝜌) and 𝑘 be an integer such that 𝑘 ≥ 1 + 𝑐−2. For every 𝑖 ∈ {0,… , 2𝑘}, we inductively define a computable order 𝑓𝑖
and a constant 𝑛𝑖 such that

𝑛𝑖 ≥ 𝑛𝑖−1 and 𝛼 ∉ 𝐼𝑖(𝑛) for all 𝑛 ≥ 𝑛𝑖, (12)

where

𝑛−1 = 0 and 𝐼𝑖(𝑛) =
[

𝑎𝑓𝑖(𝑛) − 𝑐|𝑎𝑓𝑖(𝑛) − 𝑎𝑛|, 𝑎𝑓𝑖(𝑛) + 𝑐|𝑎𝑓𝑖(𝑛) − 𝑎𝑛|
]

.

First, let
𝑓0(𝑛) = 𝑛 + 1.

As {𝑎𝑠}𝑠∈𝜔 is not 𝜌-speedable, there exists an index 𝑠 such that, for every 𝑛 ≥ 𝑠, it holds that ||
|

|

𝛼−𝑎𝑓0(𝑛)
𝛼−𝑎𝑛

|

|

|

|

> 𝜌. It implies that 𝛼 ∉ 𝐼0(𝑛). 
We define 𝑛0 to be the least such index 𝑠. Thus, (12) is satisfied for 𝑖 = 0.

Given 1 ≤ 𝑖 ≤ 2𝑘, suppose 𝑓𝑗 and 𝑛𝑗 are defined and satisfy (12) for all 𝑗 ∈ {0,… , 𝑖 − 1}. Then for all 𝑛 ≥ 𝑛𝑖−1 we have 𝛼 ∉
⋃𝑖−1

𝑗=0
⋃𝑛

𝓁=𝑛𝑗
𝐼𝑗 (𝓁). Thus,

𝑓𝑖(𝑛) =

{

𝑛 + 1  if 𝑛 < 𝑛𝑖−1,
min{𝑚 > 𝑛 ∶ 𝑎𝑚 ∉

⋃𝑖−1
𝑗=0

⋃𝑛
𝓁=𝑛𝑗

𝐼𝑗 (𝓁)}  otherwise. (13)

is well-defined. It is easy to check that 𝑓𝑖 is a strictly increasing function. Now that 𝑓𝑖 is not a 𝜌-speedup function for {𝑎𝑠}𝑠∈𝜔, there 
exists an index 𝑠 ≥ 𝑛𝑖−1 such that, for every 𝑛 ≥ 𝑠, it holds that ||

|

|

𝛼−𝑎𝑓𝑖 (𝑛)
𝛼−𝑎𝑛

|

|

|

|

> 𝜌, which implies that 𝛼 ∉ 𝐼𝑖(𝑛). We define 𝑛𝑖 to be the least 
such index 𝑠. Then (12) is satisfied for 𝑖. This completes the inductive definition of 𝑓𝑖 and 𝑛𝑖 for all 𝑖 ∈ {0,… , 2𝑘}.

As {𝑎𝑠}𝑠∈𝜔 is a two-sided approximation to 𝛼, let 𝑠 ≥ 𝑛2𝑘 be an index such that 𝑎𝑠 < 𝛼 < 𝑎𝑠+1.
Now we derive a contradiction as promised. The proof idea is as follows. We first find the index 𝑢 ≥ 𝑠 + 1 such that 𝑎𝑢 is the last 

one to the right of or equal to 𝑎𝑠+1. Then all of 𝑎𝑓1(𝑢), 𝑎𝑓2(𝑢), …, 𝑎𝑓𝑘(𝑢) are to the left of 𝑎𝑠+1. Moreover, they must jump over the interval 
[𝑎𝑠+1 − 𝑐(𝑎𝑠+1 − 𝑎𝑠), 𝑎𝑠+1]. Then their distances from 𝑎𝑢 are bounded below. Thus, by our arrangement of the parameters, we argue 
that at least one of them must be to the left of 𝑎𝑠. This is illustrated in Fig. 1.

Fixing one such point 𝑎𝑓𝑖(𝑢), we find the index 𝑣 ≥ 𝑓𝑖(𝑢) such that 𝑎𝑣 is the last one to the left of or equal to 𝑎𝑓𝑖(𝑢). In a symmetrical 
way as before, we find one point 𝑎𝑓𝑖+𝑗 (𝑣) to be to the right of 𝑎𝑢. However, this contradicts the fact that 𝑎𝑢 is the last one to the right 
of or equal to 𝑎𝑠+1. The whole argument is illustrated in Fig. 2.

Formally, let 𝑢 ≥ 𝑠 + 1 be the index such that
𝑎𝑢 ≥ 𝑎𝑠+1 and ∀𝑡 > 𝑢(𝑎𝑡 < 𝑎𝑠+1). (14)
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Fig. 2. We first find 𝑎𝑢 to be the last one to the right of or equal to 𝑎𝑠+1. Then find 𝑎𝑓𝑖(𝑢) to the left of 𝑎𝑠, and then 𝑎𝑣 the last one to the left of or 
equal to 𝑎𝑓𝑖(𝑢), and then 𝑎𝑓𝑖+𝑗 (𝑣) to the right of 𝑎𝑢. This contradicts the fact that 𝑎𝑢 is the last one to the right of or equal to 𝑎𝑠+1.

The existence of such 𝑢 is guaranteed by the fact that {𝑎𝑠}𝑠∈𝜔 converges to 𝛼 and 𝛼 < 𝑎𝑠+1. For each 𝑖 ∈ {1,… , 𝑘}, by definition of 𝑓𝑖
and 𝑠 ≥ 𝑛2𝑘 ≥ 𝑛0 we have

𝑎𝑓𝑖(𝑢) ∉ 𝐼0(𝑠) =
[

𝑎𝑠+1 − 𝑐(𝑎𝑠+1 − 𝑎𝑠), 𝑎𝑠+1 + 𝑐(𝑎𝑠+1 − 𝑎𝑠)
]

.

On the other hand, as 𝑓𝑖(𝑢) > 𝑢, by (14) we have 𝑎𝑓𝑖(𝑢) < 𝑎𝑠+1. Thus, 𝑎𝑓𝑖(𝑢) < 𝑎𝑠+1 − 𝑐(𝑎𝑠+1 − 𝑎𝑠). Then

𝑐|𝑎𝑓𝑖(𝑢) − 𝑎𝑢| ≥ 𝑐(𝑎𝑠+1 − 𝑎𝑓𝑖(𝑢)) > 𝑐2(𝑎𝑠+1 − 𝑎𝑠) ≥ (𝑎𝑠+1 − 𝑎𝑠)∕(𝑘 − 1).

Moreover, by definition, 𝑎𝑓𝑗 (𝑢) ∉ 𝐼𝑖(𝑢) for all 0 ≤ 𝑖 < 𝑗 ≤ 𝑘. Thus, the interval [𝑎𝑠, 𝑎𝑠+1] and the array of intervals 𝐼1(𝑢), 𝐼2(𝑢), …, 𝐼𝑘(𝑢)
satisfy the condition of Proposition 2.5. Therefore there exists 𝑖 ∈ {1,… , 𝑘} such that 𝑎𝑓𝑖(𝑢) ∉ [𝑎𝑠, 𝑎𝑠+1], i.e. , 𝑎𝑓𝑖(𝑢) < 𝑎𝑠.

Fix one such 𝑖. Similar as before, let 𝑣 ≥ 𝑓𝑖(𝑢) be the index such that
𝑎𝑣 ≤ 𝑎𝑓𝑖(𝑢) and ∀𝑡 > 𝑣(𝑎𝑡 > 𝑎𝑓𝑖(𝑢)). (15)

The existence of such 𝑣 is guaranteed by the fact that {𝑎𝑠}𝑠∈𝜔 converges to 𝛼 and 𝛼 > 𝑎𝑠 > 𝑎𝑓𝑖(𝑢). For each 𝑗 ∈ {1,… , 𝑘}, by definition 
and 𝑢 ≥ 𝑠 ≥ 𝑛2𝑘 ≥ 𝑛𝑖 we have

𝑎𝑓𝑖+𝑗 (𝑣) ∉ 𝐼𝑖(𝑢) =
[

𝑎𝑓𝑖(𝑢) − 𝑐(𝑎𝑢 − 𝑎𝑓𝑖(𝑢)), 𝑎𝑓𝑖(𝑢) + 𝑐(𝑎𝑢 − 𝑎𝑓𝑖(𝑢))
]

.

On the other hand, as 𝑓𝑖+𝑗 (𝑣) > 𝑣, by (15), 𝑎𝑓𝑖+𝑗 (𝑣) > 𝑎𝑓𝑖(𝑢). Thus, 𝑎𝑓𝑖+𝑗 (𝑣) > 𝑎𝑓𝑖(𝑢) + 𝑐(𝑎𝑓𝑖(𝑢) − 𝑎𝑢). Then

𝑐|𝑎𝑓𝑖+𝑗 (𝑣) − 𝑎𝑣| ≥ 𝑐(𝑎𝑓𝑖+𝑗 (𝑣) − 𝑎𝑓𝑖(𝑢)) > 𝑐2(𝑎𝑓𝑖(𝑢) − 𝑎𝑢) ≥ (𝑎𝑓𝑖(𝑢) − 𝑎𝑢)∕(𝑘 − 1).

Moreover, by definition, 𝑎𝑓𝑖+𝑗 (𝑣) ∉ 𝐼𝑖+𝓁(𝑣) for all 0 ≤ 𝓁 < 𝑗 ≤ 𝑘. Thus, the interval [𝑎𝑓𝑖(𝑢), 𝑎𝑢] and the array of intervals 𝐼𝑖+1(𝑣), 𝐼𝑖+2(𝑣), 
…, 𝐼𝑖+𝑘(𝑣) satisfy the condition of Proposition 2.5. Therefore, there exists 𝑗 ∈ {1,… , 𝑘} such that 𝑎𝑓𝑖+𝑗 (𝑣) ∉ [𝑎𝑓𝑖(𝑢), 𝑎𝑢]. However, by
(14) and (15), for all 𝑡 > 𝑣, 𝑎𝑡 ∈ (𝑎𝑓𝑖(𝑢), 𝑎𝑠+1) ⊂ [𝑎𝑓𝑖(𝑢), 𝑎𝑢]. As 𝑓𝑖+𝑗 (𝑣) > 𝑣, this is a contradiction. ∎

The following theorem is immediate by Remark 1.11 and Lemma 2.4.
Corollary 2.6. If a d.c.e. real is neither left-c.e. nor right-c.e., then it is fully d.c.e. speedable.

3.  C.a. speedability

Similar to the d.c.e. case, by Remark 1.11 and Lemma 2.4, we also have the following result about fully c.a. speedability.
Theorem 3.1. If a c.a. real is neither left-c.e. nor right-c.e., then it is fully c.a. speedable.
As for c.a. speedability, with the following proposition, Lemma 2.4 actually implies that all c.a. reals are c.a. speedable.
Proposition 3.2. Every c.a. real has a two-sided computable approximation.
Proof.  This is obvious if 𝛼 is rational, so from now on, we can assume otherwise. Fix some computable approximation {𝑎𝑠}𝑠∈𝜔 of 𝛼
where, by Remark 1.1, we can assume that the 𝑎𝑠 are pairwise distinct dyadic rationals in the interval (0, 1). For each 𝑠 > 0, let ℎ(𝑠)
be the position of the most significant bit at which 𝑎𝑠 and 𝑎𝑠−1 differ, where, as usual, more significant means closer to the decimal 
point and counting of positions starts with 1. Let

𝑎−𝑠 = max{𝑎𝑠 − 2−ℎ(𝑠), 0}  and 𝑎+𝑠 = min{𝑎𝑠 + 2−ℎ(𝑠), 1}.

As {𝑎𝑠}𝑠∈𝜔 converges to the irrational real 𝛼 and the 𝑎𝑠 are pairwise distinct, the values ℎ(𝑠) tend to infinity. Then there are infinitely 
many stages 𝑠 such that ℎ(𝑡) > ℎ(𝑠) for all 𝑡 > 𝑠. To see this, assume otherwise, then there is 𝑠0 such that for all 𝑠 ≥ 𝑠0, there exists 
𝑡 > 𝑠 with ℎ(𝑡) ≤ ℎ(𝑠). Then lim inf 𝑠→∞ ℎ(𝑠) ≤ ℎ(𝑠0), contradicts to the fact that lim𝑠→∞ ℎ(𝑠) = ∞. Now for each such stage 𝑠, 𝑎𝑠 and 𝛼
agree on the bits up to position ℎ(𝑠). Clearly, 𝑎−𝑠 < 𝛼 < 𝑎+𝑠 . In summary, the sequence {𝑎−1 , 𝑎+1 , 𝑎−2 , 𝑎+2 ,…} is a two-sided computable 
approximation of 𝛼. ∎
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Corollary 3.3. Every c.a. real is c.a. speedable.
With a more involved argument, we show the following stronger result.

Theorem 3.4. Every c.a. real is strongly c.a. 0-speedable.
Proof.  Let 𝛼 be a c.a. real. Fix some computable approximation {𝑎𝑠}𝑠∈𝜔 of 𝛼. By Remark 1.1, we can assume that the 𝑎𝑠 are pairwise 
distinct dyadic rationals. Observe that since the values 𝑎𝑖 converge to 𝛼, for every pair of fixed indices 𝑠 > 0 and 𝑔(𝑠) > 𝑠 it holds that

|

|

|

|

𝛼 − 𝑎𝑔(𝑠)
𝛼 − 𝑎𝑠

|

|

|

|

< 1
𝑠

 if and only if |

|

|

|

𝑎𝑖 − 𝑎𝑔(𝑠)
𝑎𝑖 − 𝑎𝑠

|

|

|

|

< 1
𝑠

 for all sufficiently large 𝑖. (16)

We construct in stages a computable approximation {𝑏𝑠}𝑠∈𝜔 of 𝛼 that is c.a. 0-speedable via the function 𝑠 ↦ 𝑠 + 1. At each stage 𝑖 > 0, 
we maintain a function 𝑔∶ ℕ → ℕ with 𝑔(𝑠) ≥ 𝑠 for all 𝑠. The construction resembles a finite-injury priority argument. We say that 
index 𝑠 < 𝑖 requires attention at stage 𝑖 if 𝑠 and the current value of 𝑔(𝑠) do not satisfy the inequality on the right-hand side of (16).
Construction:  At stage 0: we initialize the function 𝑔 by letting 𝑔(𝑠) = 𝑠 for all 𝑠.
At stage 𝑖 > 0: let 𝑠 ≤ 𝑖 be the minimum such that 𝑠 requires attention. We increment the value 𝑔(𝑠) by one, and let 𝑏2𝑖 = 𝑎𝑠 and 𝑏2𝑖+1 =
𝑎𝑔(𝑠). We say the index 𝑠 receives attention at this stage.
Verification:  Note that at stage 𝑖 > 0 an index 𝑠 < 𝑖 that requires attention always exists: at the beginning of stage 𝑖 there is some 0 <
𝑠 ≤ 𝑖 where 𝑔(𝑠) = 𝑠 since in the previous stages at most 𝑖 − 1 values of 𝑔 were incremented.

Now we show that each index 𝑠 receives attention at most finitely often. Indeed, since the 𝑎𝑖 converge to 𝛼, for every 𝑠 there is a 
natural number 𝑚𝑠 > 𝑠 such that for 𝛿 = |

|

𝛼 − 𝑎𝑠|| > 0, and for all 𝑖, 𝑡 ≥ 𝑚𝑠,

|𝑎𝑖 − 𝑎𝑠| >
𝛿
2

& |𝑎𝑖 − 𝑎𝑡| <
𝛿
2𝑠

,  which implies |

|

|

|

𝑎𝑖 − 𝑎𝑡
𝑎𝑖 − 𝑎𝑠

|

|

|

|

< 1
𝑠
.

Thus 𝑠 will receive attention at most 𝑚𝑠 − 𝑠 times, after which 𝑔(𝑠) ≥ 𝑚𝑠 holds.
Fix some index 𝑡, and let 𝑖 be a stage where 𝑏2𝑖 = 𝑎𝑡 or 𝑏2𝑖+1 = 𝑎𝑡. Then either 𝑡 or an index 𝑠 < 𝑡 where 𝑡 = 𝑔(𝑠) receives attention 

at stage 𝑖, which can happen at most finitely often. Thus, each value 𝑎𝑡 occurs at most finitely often in the sequence {𝑏𝑠}𝑠∈𝜔. Then 
the sequence {𝑏𝑠}𝑠∈𝜔 converges to 𝛼 and is a computable approximation of 𝛼 by construction.

Finally, we show that the approximation {𝑏𝑠}𝑠∈𝜔 is c.a. 0-speedable via the function 𝑠 ↦ 𝑠 + 1. For each 𝑠, let 𝑡𝑠 be the stage after 
which index 𝑠 never receives attention again. Then 𝑡𝑠 ≥ 𝑠, and 𝑠 and the final value of 𝑔(𝑠) do satisfy the inequality on the right-hand 
side of (16) for all 𝑖 > 𝑡𝑠, which then implies the inequality on the left-hand side of (16). In other words, for each 𝑠, there exists 𝑡𝑠 ≥ 𝑠
such that

|

|

|

|

|

𝛼 − 𝑏2𝑡𝑠+1
𝛼 − 𝑏2𝑡𝑠

|

|

|

|

|

< 1
𝑠
,  which then implies lim inf

𝑠→∞

|

|

|

|

𝛼 − 𝑏𝑠+1
𝛼 − 𝑏𝑠

|

|

|

|

= 0.

 ∎

4.  Left-c.e. speedability and randomness

As discussed in Section 1.5, the left-c.e. speedable reals form a proper subclass of the nonrandom left-c.e. reals [10,11]. As a 
step towards a characterization of the left-c.e. speedable reals via notions of randomness, we demonstrate in this section that a real 
is left-c.e. speedable if and only if it is covered by a restricted type of Solovay test. Before that, we first discuss the connections 
between effective approximations and Solovay tests in general. This relates to the observation of Rettinger [[3], Theorem 9.2.4] 
that given a two-sided d.c.e. approximation {𝑎𝑠}𝑠∈𝜔 of some real, this real is covered by the Solovay test that is formed by the 
intervals [min{𝑎𝑠, 𝑎𝑠+1},max{𝑎𝑠, 𝑎𝑠+1}].

Definition 4.1. Let {𝐼𝑖}𝑖∈𝜔 be a Solovay test where 𝐼𝑖 = [𝓁𝑖, 𝑟𝑖]. Note that by our convention, 0 ≤ 𝓁𝑖 ≤ 𝑟𝑖 ≤ 1 for all 𝑖. We refer 
to 𝓁0, 𝑟0,𝓁1, 𝑟1,… as the sequence of endpoints of this Solovay test, and its sequence of left endpoints and sequence of right endpoints are 
defined accordingly. The Solovay test then

- is converging if its sequence of endpoints converges,
- is d.c.e. if its sequence of endpoints has bounded variation,
- is left-c.e. if its sequence of left endpoints is nondecreasing,
- has bounded increments if for some rational constant 𝑑 > 0 it holds for all 𝑖 that

𝓁𝑖+1 ≥ 𝓁𝑖 + 𝑑(𝑟𝑖 − 𝓁𝑖). (17)

By definition, it is easy to check that Solovay tests with bounded increments are left-c.e., and d.c.e. Solovay tests are converging. 
With the following observation, left-c.e. Solovay tests are d.c.e.

∑

𝑖
(|𝑟𝑖 − 𝓁𝑖| + |𝓁𝑖+1 − 𝑟𝑖|) ≤

∑

𝑖
(|𝑟𝑖 − 𝓁𝑖| + |𝓁𝑖+1 − 𝓁𝑖| + |𝓁𝑖 − 𝑟𝑖|) = 2

∑

𝑖
|𝑟𝑖 − 𝓁𝑖| +

∑

𝑖
|𝓁𝑖+1 − 𝓁𝑖|.

By limit of a converging Solovay test, we refer to the limit of its sequence of endpoints.
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Remark 4.2. A converging Solovay test cannot cover any real other than its limit. For a proof, assume that some real 𝛾 is covered 
by a converging Solovay test {𝐼𝑖}𝑖∈𝜔. Then there are infinitely many intervals 𝐼𝑖 that contain 𝛾, and since the interval lengths tend 
to 0, the left endpoints of these intervals converge to 𝛾. So the sequence of endpoints converges to 𝛾 since it converges and has a 
subsequence that converges to 𝛾. Note that a converging Solovay test may fail to cover its limit, and then does not cover any real at 
all. For example, for a strictly increasing left-c.e. approximation {𝑎𝑠}𝑠∈𝜔, the Solovay test {[𝑎𝑠, 𝑎𝑠+1]}𝑠∈𝜔 is converging but does not 
cover any real.
Remark 4.3. Consider a converging Solovay test that covers a real 𝛾. Then the sequence of endpoints of this test is computable and 
converges to 𝛾, hence is a c.a. approximation of 𝛾. Similarly, if the Solovay test is d.c.e., then the sequence of endpoints is a d.c.e. 
approximation of 𝛾, and if the Solovay test is left-c.e., then its sequence of left endpoints is a left-c.e. approximation of 𝛾.
Proposition 4.4. 
(i) A real is nonrandom and c.a. if and only if it is covered by a converging Solovay test.
(ii) A real is nonrandom and d.c.e. if and only if it is covered by a d.c.e. Solovay test.
(iii) A real is nonrandom and left-c.e. if and only if it is covered by a left-c.e. Solovay test.
Proof.  For all three equivalences, the right-to-left direction is immediate by Remark 4.3 and since being nonrandom is equivalent to 
being covered by a Solovay test.

For a proof of the left-to-right direction of (𝑖), let the real 𝛼 be nonrandom and c.a. Let {𝐼𝑖}𝑖∈𝜔 be a Solovay test that covers 𝛼
and let {𝑎𝑖}𝑖∈𝜔 be a c.a. approximation of 𝛼. We can assume that 𝛼 is not rational, since otherwise there is nothing to prove. We can 
assume further that the intervals 𝐼𝑖 are pairwise distinct. We define a sequence of intervals by a construction in stages 𝑠 = 0, 1,…. 
Initially, call all intervals 𝐼𝑖 unused. At stage 𝑠, if there is some index 𝑖 ≤ 𝑠 such that 𝑎𝑠 is in the currently unused interval 𝐼𝑖, append 
the interval with the least such index to the constructed sequence and declare this interval to be used. The constructed sequence of 
intervals is indeed a Solovay test since the construction is effective, the sequence contains only intervals from the given Solovay test, 
and each such interval is appended at most once. The constructed Solovay test covers 𝛼 because every interval 𝐼𝑖 that contains 𝛼 also 
contains almost all 𝑎𝑠, thus it follows by an easy inductive argument that every such intervals will eventually be appended to the 
constructed sequence. Finally, the constructed Solovay test is converging, since the 𝑎𝑠 converge and the length of the intervals that 
are appended during some stage 𝑠 tends to 0 when 𝑠 tends to infinity.

In the proof of the left-to-right direction of (𝑖𝑖), we apply the same construction as above. However, now we choose {𝑎𝑖}𝑖∈𝜔 as a 
d.c.e. approximation of 𝛼. Let the constructed sequence of intervals be {𝐽𝑖}𝑖∈𝜔, where 𝐽𝑖 = [𝓁𝑖, 𝑟𝑖]. We have already seen that {𝐽𝑖}𝑖∈𝜔
is a Solovay test that covers 𝛼, so it suffices to show that this test is actually d.c.e. Let 𝑠𝑖 be the stage at which 𝐽𝑖 is appended, hence 𝑎𝑠𝑖
is a member of 𝐽𝑖 for all 𝑖. Consequently, we have

|𝓁𝑖+1 − 𝑟𝑖| = |min 𝐽𝑖+1 − max 𝐽𝑖| ≤ |𝑎𝑠𝑖+1 − 𝑎𝑠𝑖 | + |𝐽𝑖| + |𝐽𝑖+1|,

which implies
∑

𝑖∈𝜔

|𝑟𝑖 − 𝓁𝑖|
⏟⏞⏟⏞⏟

=|𝐽𝑖|

+|𝓁𝑖+1 − 𝑟𝑖| ≤ 3
∑

𝑖∈𝜔

|𝐽𝑖| +
∑

𝑖∈𝜔

|𝑎𝑠𝑖+1 − 𝑎𝑠𝑖 | ≤ 3
∑

𝑖∈𝜔

|𝐽𝑖| +
∑

𝑖∈𝜔

|𝑎𝑖+1 − 𝑎𝑖|. (18)

Note that the last inequality in (18) holds by the triangle inequality. Since {𝐽𝑖}𝑖∈𝜔 is a Solovay test, and the sequence {𝑎𝑖}𝑖∈𝜔 has 
bounded variation, the upper bound in (18) is finite. As a consequence, the sequence of endpoints 𝑟0,𝓁0, 𝑟1,𝓁1,… of the Solovay 
test {𝐽𝑖}𝑖∈𝜔 has finite variation, hence the test is d.c.e.

In the proof of the left-to-right direction of (𝑖𝑖𝑖), we apply a variant of the same construction, where now we choose {𝑎𝑖}𝑖∈𝜔 as a 
left-c.e. approximation of 𝛼. The only difference is that whenever in the previous construction during some stage 𝑠 some interval 𝐼
would be appended, we append instead the interval 𝐼 ∩ [𝑎𝑠, 1]. Observe that the latter interval contains 𝛼 if and only if 𝐼 contains 𝛼
since we have 𝑎𝑠 < 𝛼 < 1. Consequently, the construction yields again a Solovay test that covers 𝛼, which is obviously left-c.e. ∎
Proposition 4.5. A real is left-c.e. speedable if and only if it is covered by a Solovay test that has bounded increments. 
Proof.  Let 𝛼 be a left-c.e. speedable real. Then 𝛼 is strongly left-c.e. 13 -speedable by Theorem 1.9. Let {𝑎𝑠}𝑠∈𝜔 be a left-c.e. ap-
proximation of 𝛼 which is 13 -speedable via the function 𝑠 ↦ 𝑠 + 1. Then for infinitely many 𝑠, 𝛼 − 𝑎𝑠+1 ≤

1
3 (𝛼 − 𝑎𝑠). If we let 𝐼𝑠 =

[𝑎𝑠, 𝑎𝑠 + 2(𝑎𝑠+1 − 𝑎𝑠)], then 𝛼 ∈ 𝐼𝑠 for each such 𝑠, i.e., 𝛼 is covered by the test {𝐼𝑠}𝑠∈𝜔. This test has finite measure 2(𝛼 − 𝑎0), hence is 
a Solovay test, and by construction has bounded increments with constant 𝑑 = 1

2 .
For the converse, let 𝛼 be covered by some Solovay test {[𝓁𝑖, 𝑟𝑖]}𝑖∈𝜔 that has bounded increments for some constant 𝑑 > 0. Then 

the nondecreasing sequence 𝓁0,𝓁1,… converges to 𝛼, hence is a left-c.e. approximation to 𝛼. Let 𝑖 be any of the infinitely many indices 
such that 𝛼 ∈ [𝓁𝑖, 𝑟𝑖]. We have 𝓁𝑖 ≤ 𝓁𝑖+1 ≤ 𝛼 ≤ 𝑟𝑖 and 𝓁𝑖+1 − 𝓁𝑖 ≥ 𝑑(𝑟𝑖 − 𝓁𝑖) ≥ 𝑑(𝛼 − 𝓁𝑖), which implies 𝑑 ≤ 1 and

𝛼 − 𝓁𝑖+1
𝛼 − 𝓁𝑖

≤
𝛼 − (𝓁𝑖 + 𝑑(𝑟𝑖 − 𝓁𝑖))

𝛼 − 𝓁𝑖
= 1 − 𝑑.

Consequently, {𝓁𝑖}𝑖∈𝜔 is (1 − 𝑑)-speedable, hence 𝛼 is left-c.e. speedable. ∎
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