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cl-reducibility on left-c.e. reals

> left-c.e. reals: reals with computable approximation from below.

» random reals: reals not contained in any “effectively” closed
class of measure 0.

» Turing reducibility: a real @ is Turing reducible to a real g if
there is a Turing machine use § as oracle output a.

» cl-reducibility: Turing reducibility where the use function is
bounded by n + ¢ for some constant c.

Theorem (Yu, Ding 2004)

There are two left-c.e. reals which are not both cl-reducible to any
left-c.e. real.

Theorem (Barmpalias, Lewis 2006)

There is a left-c.e. real which is not cl-reducible to any random
left-c.e. real.



generalized Yu-Ding Theorem

Let h: IN — IN be a nondecreasing computable function.

A real @ is h-gcl-reducible to a real g if @ <7 B with use function
bounded by n + h(n).

Theorem (Barmpalias, Fang, Lewis-Pye 2016)

If YieN 2-h() = oo, then there are two left-c.e. reals which are not
both h-gcl-reducible to any left-c.e. real.



proof idea of (generalized) Yu-Ding theorem

Let {®;, ¥i, vilicw be an effective enumeration of all triples of two Turing
functionals with use functions bounded by n+ h(n) and a left-c.e. real in
the unit interval.

Goal: Construct a pair of left-c.e. reals a,f satisfying all of the fol-
lowing requirements

Ro:a # DL v+ L.

Strategy for a single requirement Re:
> reserve an interval, say I = (a,b], of @, for Re.

» whenever R, requires attention we add 27 to a or B
alternatively.

Re requires attention at stage s+ 1 if

as = QL APy = Yoi



proof idea of (generalized) Yu-Ding theorem

Lemma 1: Starting from a | (a,b] = 8 I (a,b] = 0”72, until o |
(a,b] =B I (a,b] = 1°72, |ye]y, increases by at least (b—a)-272.

Then the idea of the construction is as following:

> set intervals I = (me, me1] appropriately such that if both of
a and B run out of space on I, Yo would already be larger than
1.

> as intervals reserved for different requirements are disjoint with
each other, strategies for different requirements will not
interfere with each other.

» at each stage, find the least e < s such that Re requires
attention, then run the corresponding strategy for Re.

Lemma 1 cannot be generalized directly!



simple proof of generalized Yu-Ding theorem

Let g(n) = n+h(n).

Observation 1: If R, requires attention at stages sg + 1,81 + 1, @(n) or
n

B(n) is changed within stages (so,s1], then yes; > |[Ye.solg(n) + 2-8(n),

Observation 2: If R, requires attention at stages sg + 1,81 + 1,80 + 1,
a(n) is changed within stages (sp,s1] and B(n) is changed within
stages (51,52 , then Yo, > Yes, + 2781,

Proof.

Yess 2 “_'Yc,sojg(n) + 27g(n>Jg<n) +978(0)

= Yesola(m) + 9-8(n) 4 9-g(n)
> Yeso + 2‘%(“)_



simple proof of generalized Yu-Ding theorem

Observation 3: Starting from a | (a,b] = 0°72, if each time we add
27" to @, then until o | (a,b] = 12, for each n € (a,b], there are
27=2=1 many times where the least changed bit of « is a(n).

By observation 2 and 3, we have the following alternative lemma for the
generalized case.

Lemma 2: Starting from « | (a,b] = 8 | (a,b] = 0P, until a I
(a,b] =B 1 (a,b] = 1P72 ¥, increases by at least 27271. %, 270,

» Then the construction for the generalized Yu-Ding theorem is the same
as the original Yu-Ding theorem.

> YieN 270() = oo and Lemma 2 ensure that all the intervals I can
always be found.



generalized Barmpalias-Lewis Theorem

It turns out that Barmpalias-Lewis Theorem can also be generalized in a
similar way.

Theorem (Fang, Merkle)

If Yien 2-h() = oo, then there is a left-c.e. real which is not
h-gcl-reducible to any random left-c.e. real.



proof of generalized Barmpalias-Lewis Theorem

Let (®y,yk) be an effective enumeration of all pairs of a Turing functional
with use function bounded by n + h(n) and a left-c.e. real in the unit
interval.

Goal: Construct a left-c.e. real a satisfying all of the following re-
quirements,
Ri:a = q>17(k = vy is not random.



proof of generalized Barmpalias-Lewis Theorem

Let (®y, yk) be an effective enumeration of all pairs of a Turing functional
with use function bounded by n + h(n) and a left-c.e. real in the unit
interval.

Goal: Construct a left-c.e. real @ and a series of Martin-Lof tests
{Ukjljew satisfying all of the following requirements,

‘Rk: a/:q)ik = Yk eﬂUk,j-
J



proof of generalized Barmpalias-Lewis Theorem

Let (Py, yi) be an effective enumeration of all pairs of a Turing functional
with use function bounded by n + h(n) and a left-c.e. real in the unit
interval.

Goal: Construct a left-c.e. real @ and a series of uniformly c.e. sets of
strings {Eq j} with VkYj u(Eqj)) < 273 satisfying all of the following
requirements,

Q<k3j>: a= Q)ik = Yk € [E<k3j>].



proof of generalized Barmpalias-Lewis Theorem

Let e = (k,j) and g(n) =n+ h(n)..
Q. requires attention at stage s + 1 if

s = CID?,‘: AVis € [Bes)-

Strategy for a single requirement Qe:

> reserve an interval, say I = (a,b], of @ for Qe.
» whenever Q. requires attention, we check which one of a | I
and E, to act is better first.
> supposing by adding 27P to a the least changed bit of @ will be
a(n), if yis, + 2-g(n)-j-1 o [Yisy lgm) + 2-8() or the last time
when Qe requires attention Ee is changed, we add 27" to a.
> otherwise, “efficiently” add a set of strings of measure 2-8(n)-j-
into Ee, such that if Qe requires attention again, Lyilg(m) will

1

increase by at least 2-8(m)-j-1,



proof of generalized Barmpalias-Lewis Theorem

Observation 4: If Q. requires attention at stages sg + 1,51 + 1, yi g, +
2-g()-i-1 o isolg(n) + 278(0) and a(n) is changed within stages

(s0,51], then g, —Yigy > 278711,

Observation 5: If Q. requires attention at stages sp + 1,81 + 1,80 + 1,
Yiso T 2-8(m)-j-1 > L7k,SQJg(n) + 2’g(n), a set of strings of mea-
sure 2-8™)=i-1 into E, within stages (sp,s1], and a(n) is changed
within stages (s1,s2], then yi s, — Vs, > 2-g(n) > gj+1. (4(Besg+1) —
H(Eeso))-



proof of generalized Barmpalias-Lewis Theorem

By observation 4 and 5, we have the following two key lemmas.

Lemma 3: Starting from a | (a,b] = 0P, until a | (a,b] = 1°72, y,
increases by at least 2737372 Y a<i<h o-h(i)

Lemma 4: Starting from Eqcjy = 0, until u(Eyjy) = 27, Yikjy in-
creases by at least 1.



proof of generalized Barmpalias-Lewis Theorem

The construction for the generalized Barmpalias-Lewis theorem is similar to
the original Yu-Ding theorem.

» with Lemma 3, we set an interval I, for each Q¢ such that if a
runs out of space on Ig, ye would already be larger than 1.

» during the construction we also enumerate a series of uniformly
c.e. sets {E¢} according to the strategies and ensure that if Ee
runs out of space, ye would already be larger than 1.

> at each stage, find the least e < s such that Re requires
attention, then run the corresponding strategy for Re.

> as YieN 2-h() = oo, such interval I can always be found for the
requirement Q..



a.n.c. degrees

A c.e. degree d is array non-computable (a.n.c.) if there is a set
A e€d and a v.s.a. {Fylhen such that (Ye)(dn)[WeNFy = ANFy),
where a sequence of finite sets {Fy} N is called a very strong array
(v.s.a.) if

1. 0 < |Fy| < |Fp41] for all n > 0.

2. {Fplnen is a pairwise disjoint partition of IN

3. there is a computable function f such that F, = Dy, for every

n € N, where Dy denotes the finite set with canonical index y.



generalized cl-reducibility and a.n.c. degrees

Theorem (Barmpalias, Downey, Greenberg 2010)

The following are equivalent for a c.e. degree d:
1. There are two left-c.e. reals in d which are not both
cl-reducible to any left-c.e. real.

2. There is a left-c.e. real in d which is not cl-reducible to any
random left-c.e. real.

3. There is a set in d which is not cl-reducible to any random
left-c.e. real.

4. d is array non-computable.

If we denote the above theorem as BDG(n+ O(1)), then we can prove the
following theorem.

Theorem (Fang, Merkle)

Let h: N = IN be a nondecreasing computable function.
BDG (n + h(n)) holds iff 3;ep 2720 = co.



