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left-c.e. reals and ()

Definition
Let {@s}se0 be a computable nondecreasing sequence of rationals converging to @. We say that
a is a left-c.e. real and {a,}se, is a left-c.e. approximation of a.

We define right-c.e. reals and approximations similarly. A real is computable if and only if it is
both left-c.e. and right-c.e.

Fix an universal prefix-free machine U, its halting probability is defined as
0= > 2.
U(o)l
Let
Q, = z 2ol
lor|<s&U[s] (o)l

then {()g}se is a left-c.e. approximation of (). Moreover, Chaitin proved that () is 1-random.



left-c.e. reals and ()

Definition

A left-c.e. real @ is Solovay reducible to a left-c.e. real 8 (@ <g f) if there are a left-c.e.
approximation {a;}se, Of @, a left-c.e. approximation {B;}se of 8 and a constant ¢ such that
@—as < c(B-ps) forall s € w.

A left-c.e. real is Solovay complete if every left-c.e. real is Solovay reducible to it.

With the works by Chaitin (1975), Solovay (1975), Calude, Hertling, Khoussainov, and Wang
(2001), and Kucera and Slaman (2001), it has been shown that the following are equivalent.

@ «is arandom left-c.e. real;
@ « is the halting probability of a universal prefix-free machine;

@ «is Solovay complete.



d.c.e. reals

Definition

A real is d.c.e. if it is the difference of two left-c.e. reals.

Proposition (Ambos-Spies, Weihrauch, and Zheng 2000)

A real a is d.c.e. if and only if there is a computable sequence of rationals {@s}se.y converging to
a such that the variation Y, |51 — ag| is bounded.

Random d.c.e. reals have the following nice property.

Proposition (Rettinger and Zheng 2005)

Random d.c.e. reals are either left-c.e. reals or right c.e. reals.



a derivation of the d.c.e. reals

Fix a left-c.e. approximation {()}se,, of Q).

Definition

For a d.c.e. real @ with d.c.e. approximations {a}sc, let

da = dlay) = lim g:‘g .
s

Theorem (Barmpalias and Lewis-Pye 2017, refined by Miller 2017)

Let a be ad.c.e. real.

@ Oa converges and is independent of the choice of {@}sew-
Q 9da = 0 if and only if « is not random.
Q Ja > 0if and only if a is random and left-c.e.

Q OJa < 0ifand only if @ is random and right-c.e.



a characterization of random d.c.e. reals

Theorem 1
Lety be a d.c.e. real. If vy is random, then for any two d.c.e. approximations {ag}se, and {bs}scw

ofy, b
lim X =2 —

5000 Y — g

Proof.
As y be a d.c.e. random real, then d{as} = d{bs} = dy # 0, i.e.,

Y —as = F Y = bs
im

li = b
dmasa,  ama-o, *°
Then
b y=bs
lim L220 — fim Sk
—00 —dg —00 S
s ’)/ a_) s _Qs



a characterization of random d.c.e. reals

Theorem 2

Lety be a Ag real. If y is not random, then for any ¢ > 1 there exist two computable

approximations {ag}sey and {bg}sew of y such that
Y — by — by

1
<—<c<1imsupy
Y —das

c s—o0 |y —ag

lim inf

§—00

. (1)

Moreover; if y is d.c.e. , {as}sew and {bs}se, can also be chosen as d.c.e. approximations of vy.

Proof.

Let {rs}sew be a computable approximation of y. As y is not random, let 7 = {/;};e,, be a
Solovay test of intervals which covers y. Given any ¢ > 0, we construct two approximations
{as}sew and {bg}sew Of y as follows.

» Before stage 0, we say all interval /; are unused.
> Atstage s > 0, check if ry € I; for some unused interval /; with i < s.

> If so, mark the least such interval I; used and let ay; = byg 1 = ry,
byy = aper1 =rs— (c+1) - u(l;).

» Otherwise, let ay; = axs+1 = bag = bogy1 = 715



a characterization of random d.c.e. reals

Proof (Cont.)

Q {as}sew and {bs}se are computable approximations of y.
Fori € {0, 1}, lapsyi —rsl < (¢ + 1) - p(L;) = 0. As rs — 7, 80 as {ds}sew- The same applies
for {bs}sew-

Q If {ry}sew 1s a d.c.e. approximation of y, so are {a}sc, and {bs}sew-
By the construction, the total variation of {a}se,, ({bs}scw as well) is bounded by the
variation of {rg}sew plus Y, 2(c + 1)u(1;), which is finite.

@ Ify e [;, I; will eventually be used at some stage s, and B:S? = ';’:Z%T: c.
For such I;, u(I;) > |y — rsl. Then
‘V—bzs _ IV“ZZerl _ ‘1 i (c+1) ‘#(L‘)' S (c+1)-p(;) Cise
Y —azs Y= bt Y~ Ts ly = rsl

As there are infinitely many i such that y € [;, we get (1) verified. O



a characterization of random d.c.e. reals

Corollary 3
For a d.c.e. real vy, the following are equivalent:

@ v is random;

© for any two d.c.e. approximations {as}sew, and {bs}sew of v, limyg_0 ;{:—Z“’ exists.
s

L . —b,
@ for any two d.c.e. approximations {ag}sew and {bs}sew of v, limg_sc0 % =1



an analog for random left-c.e. reals

Clearly, we also have:

If y is a random left-c.e. real, then for any two left-c.e. approximations {as}se,, and {bs}seq Of
Yo limg oo 222 = 1.

How about the converse? Is the following statement true?

If y is a nonrandom left-c.e. real, then there exists two left-c.e. approximations {as}sc,, and

{bs}sew Of v, such that limy_ Z:

b .
= doesn’t exist.
s



an analog for random left-c.e. reals?

Corollary 4

There exists a set X which is not low for Q) such that for any two X-left-c.e. approximations
{aS}SE(U and {bs}sem OfQ;
i Q — by |
im =
§—00 Q ag

Proof.

> Let X be a non-computable hyperimmune-free set. By a result by Miller and Nies, X is
computably dominated but not low for ).

» Given an X-left-c.e. approximation {a;}secy, define two X-computable functions g and A:
g(n) = max{i: O; <a,} and h(n) = minfi: Q; > a,)

> As X is computably dominated, there exists two computable functions g’ and 4’ dominate
g7 ! and h respectively, i.e. , V°n[g~ (n) < g’(n)] and Y*n[h(n) < ' (n)]. Then
o0 Q-ay
v n[QgH(,%SQQ o(n) < an < Q) < Q)] Thus, limsup_,, 55 <

) -1 Q-Qy
lim sup;_, o, Q_—"’Q“ = 1 = liminfy_0o —5— Q“) < liminfy_, e 8 &

> Similarly, we get limy—co o = 1. Thus, limy,eo o2 = 1.



an analog for random left-c.e. reals?

Suppose the following is true.

If v is a nonrandom left-c.e. real, then there exists two left-c.e. approximations {a;}se,, and
{bs}sew Of v, such that limy_, 1',_—22 doesn’t exist.

Then very likely by relativization we would get the following statement:

If X is not low for (), then there exist two X-left-c.e. approximations {ds}se, and {bs}se, of O

such that limy_,e0 ;’:Z’f doesn’t exist.

This contradicts to Corollary 4. So we ask the following question.

Question:

Which randomness is sufficient to ensure that for any two left-c.e. approximations {a}se, and

{bs}sew Of such a random real y, lim;_, e % =17
S



speedup functions for approximating ()

Theorem 5

For a strictly increasing function f: IN — IN, if f is dominated by a function g which is
computable from some low for Q) set X, then

aO-0
f(s)
lim —— ¢
o (),

Proof.

» Given a low for () set X and a function g computable from X, {Q)}se, and {Qg(s) }sew are
X-left-c.e. approximations of ().

° 0-Q s,
> As Q) is X-random, by relativizing Theorem 1, we get that lim_,c0 Q_é(v) =1
. . . Q-Qs s Q-Qys
> Asf is dominated by g, then liminfy—c -2 > liminfyoeo 552 = 1.

» On the other hand, as f is strictly increasing, we have Qf(s) > (). Then

. Q-0 0-0,
lim sup;_,, o, S lim sup,_,, 5=0° o




speedup functions for approximating ()

> As Q) =7 (0, any Turing degree >7 0" contains

0-0
a function f such that lim_,e, Q_é( D — .

s

> We can also prove that, for any strictly
increasing function f %7 0’,

. -0
lim sup,_,, Q_—é(:) =1

» Our corollary above tells that if a strictly
increasing function f is dominated by a low for

. . 0-0y,
Q) function, then limy_;e 0_6“ =1

s

» However, at the moment we still don’t know

which degrees exactly contain an increasing
Q-Q
a0}

function f such that liminfs—e —5=5— o, < 1.



speedup functions for approximating ()

Theorem 6

. . . . . -0
Let f be a strictly increasing function. If limsup,_, ., Q_—(f)(x) <lthenf>r Q=r0.

Proof.

Given f as stated, there exists € > 0 and sq such that for all s > s,
A0
Q_—m <l-e = Q—Qs < (Qf(g)_QS)/E

We compute () from f as follows. For each n, find some o and s > s such that |o| > n,
o~00 < Qg and Qf(x) —Oy <€ 2712 WeclaimQ tn=0c |n
» Since () is random, it has infinitely many blocks of 00. On the other hand, as (}; — ),
(Qp(y) = Q) < (Qp(y) — Q) — 0. Thus, the desired o~ and s exist.
> By the choice of 5, we have Q — Qs < (Q(5) — Q) /€ < 271712 Combined with
00 < O, we have o < Q).
Thus, 0/ =7 Q <7 f.



Thank you for your attention!



