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Motivation

Main question:

Given a probability distribution P and a sufficiently large sample of randomly chosen data from
the given distribution, learn or estimate a probability distribution with respect to which the
sample has been randomly sampled.

Definition (EX learning of languages)

A classD ⊂ RE of languages is EX-learnable (from informant) if there exists a computable
learner L : 2ω 7→N such that for every L ∈ D the limit limnL(L ↾ n) exists and equals an
index of L.

Definition (BC learning of languages)

A classD ⊂ RE of languages is BC-learnable (from informant) if there exists a computable
learner L : 2ω 7→N such that for every L ∈ D there exists n0 such that for all n > n0 the value
L(L ↾ n) is an index of L.
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learning of measures

Definition (EX learning of measures)

A class C of computable measures is EX-learnable if there exists a computable learner
L : 2ω 7→N such that for every µ ∈ C and every µ-random real X the limit limnL(X ↾ n) exists
and equals an index of a measure µ′ ∈ C such that X is µ′-random.

Definition (BC learning of measures)

A class C of computable measures is BC-learnable if there exists a computable learner
L : 2ω 7→N such that for every µ ∈ C and every µ-random real X there exists n0 and µ′ ∈ C
such that for all n > n0 the value L(X ↾ n) is an index of µ′ such that X is µ′-random.

Note that the above notions are not closed under subsets:

Proposition

There exist classes C ⊂ D of measures such thatD is EX-learnable and C is not even
BC-learnable.

In the above definitions if we don’t require µ′ ∈ C, then we get weaker corresponding notions.
The weaker notions are closed under subsets.
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representations of Borel measures on the Cantor space

We view 2ω and the spaceM of Borel measures on 2ω as metric spaces.
▶

d(µ, ν) =
∑

n
2−n · (max

σ∈2n
|µ(σ) − ν(σ)|)

▶ The basic open sets ofM are [(σ0, I0), . . . (σn, In)], where σi ∈ 2<ω and Ii are the basic
open intervals in [0, 1].

▶ LetM∗ denote the collection of the basic open sets ofM. For C ∈ M∗, its size is
|C| = sup{d(µ, ν) : µ, ν ∈ C}.

▶ µ ∈ [(σ0, I0), . . . (σn, In)] if µ(σi) ∈ Ii for all i ≤ n.
▶ Each µ ∈ M is uniquely determined by the basic open sets that contain it and can be

represented by a list of basic open intervals containing it and with size converging to 0.

Definition
A function f : 2ω 7→ M is computable if there exists a computable function f ∗ : 2<ω 7→ M∗
which is monotone in the sense that σ � τ implies f ∗(τ) ⊆ f ∗(σ) and such that for all Z ∈ 2ω

we have f (Z) ∈ f ∗(Z ↾ n) for all n, and lims|f ∗(Z ↾ s)| = 0.
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algorithmic randomness with respect to arbitrary measures

Definition
For C ∈ M∗ and X ∈ 2ω,
▶ let

ds(X,C) = sup
n≤s&µ∈C

(d− log µ(X ↾ n)e −Ks(X ↾ n)).

▶ let
d(X,C) = lim

σ∈ω
ds(X,C).

▶ for a computable measure µ, if {Ci}i∈ω is a representation of µ, the µ-(randomness
)deficiency of X is

d(X, µ) = lim
i∈ω

d(X,Ci).

▶ X is µ-random if d(X, µ) < ∞.

Note that ds(X,C) is a computable function and for a computable measure µ, d(X, µ) is a
left-c.e. function.
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the first equivalence theorem

A class C of measures is called effectively orthogonal if for any µ, µ′ ∈ C, the classes of
µ-random and µ′-random reals are disjoint.

Theorem 1
Given a computable f : 2ω 7→ M letD ⊂ 2ω be an effectively closed set such that for any X , Y
inD the measures f (X), f (Y) are effectively orthogonal. IfD∗ ⊂ D is a class of computable
reals,D∗ is EX-learnable if and only if f (D∗) is EX-learnable. The same is true of the BC
learnability ofD∗.

“⇒:”
▶ Let Ps(σ, c) = {ρ ∈ 2s : ds(ρ, f ∗(σ)) < c}.
▶ If X is f (Z)-random for some Z ∈ D, such Z will be unique and d(X, f (Z)) < c for some

constant c.
▶ then for sufficiently large c, for sufficiently large n and s, each Ps(X ↾ n, c) contains only

one element and they are converging to Z.
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from learning measures to learning reals: the EX case

“⇐:” We apply a majority vote argument.
▶ Given Z ∈ D∗ we have an approximation to the measure µ∗ = f (Z).
▶ Given µ∗ and V we get a majority vote on each of the levels of the full binary tree, where

each string σ votes for the indexV(σ) and its vote has weight µ∗(σ).
▶ In search for the index of Z ∈ D∗ we approximate the weights of the various indices as

described above, and aim to chose an index with a positive weight.
▶ IfV EX-learns µ∗, it follows that such an index will indeed be an index of µ∗.
▶ One obvious way to look for such an index is at each stage to choose the index whose

current approximated weight is the largest.
▶ This approach has the danger that there may be two different indices with the same weight,

in which case it is possible that the said approximation limnL∗(X ↾ n) does not converge.
▶ We deal with this minor issue by requiring a sufficient difference on the current weights for

a change of guess.
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the second equivalence theorem

Theorem 2
There exists a map Z 7→ µZ from 2ω to the continuous Borel measures on 2ω, such that for every
class C of computable reals, C is EX/BC learnable if and only if {µZ : Z ∈ C} is a weakly EX/BC
learnable class of computable measures, respectively.

▶ if we are allowed to use atomic measures, for each Z we can just define a measure which
focus all its measure on the single point Z.

▶ for continuous measure, we can also define a measure µZ with a signature of Z as follows.

µZ(σ
⌢i) =


µZ(σ)/2 if |σ| is odd;
µZ(σ) if |σ| is even and σ(|σ|) = Z(|σ|/2);
0 if |σ| is even and σ(|σ|) , Z(|σ|/2).

▶ Given any computable Z, a real X is µZ-random if and only if X = Z ⊕ Y for some random
Y with respect to the uniform measure.
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some applications

Corollary 3

The computable (continuous) measures are (weakly) EX-learnable with oracle A if and only if A
is high.

Corollary 4

The class of computable measures is EX ∗ [A]-learnable if and only if ∅′′ ≤T A ⊕ ∅′.

Corollary 5

An oracle can EX-learn all computable Bernoulli measures if and only if it is high.

Corollary 6

There are two EX-learnable classes of computable (Bernoulli) measures such that their union is
not EX-learnable.

Corollary 7

If an oracle is low for EX-learning for measures, then it is also low for EX-learning for reals.
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