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cl-reducibility

Definition 1 (cl-reducibility)

A set A is ¢l (computably Lipschitz)-reducible to a set B (written A <] B), or we say B
cl-computes A, if there is a constant ¢ such that A is Turing reducible to B and the use function
is bounded from above by id + c.

B.

A // ......

> If A < B, then we can describe A | n using B | nand O (1) many more bits.
> Itimplies K(A I n) < K(B [ n)+0(1).

» Thus, cl-reducibility preserves non-randomness.




cl-reducibility

However, there is no cl-complete left-c.e. real.

Theorem 2 (Yu & Ding, 2004)

There are two left-c.e. reals such that no left-c.e. real cl-computes both of them.

Theorem 3 (Barmpalias & Lewis, 2006)

There is a left-c.e. real not cl-computable from any left-c.e. random real.



cl-reducibility on a.n.c. degrees

Which degrees exactly contain the witnesses of these Theorems?

Theorem 4 (Barmpalias & Downey & Greenberg, 2010)

The following are equivalent for a c.e. Turing degree d.
@ There are two left-c.e. reals in d such that no left-c.e. real cl-computes both of them.
© There is a left-c.e. real in d such that no left-c.e. random real cl-computes it.

@ d is array noncomputable.



weakening cl-reducibility on a.n.c. degrees

Observation: For Turing reducibility in general, every left-c.e. random real is Turing complete,
thus Turing computes all left-c.e. reals.

Definition 5 (bounded Turing reducibility)

A set A is f-bounded-Turing (f-bT-) reducible to a set B (written A <¢_pr B), or we say B
f-bT-computes A, if A is Turing reducible to B and the use function is bounded from above by f.

Cl-reducibility can be seen as the uniform version of (id-+c)-bT-reducibility for a constant c.
(We will come back to this later.)

Question:

If we weaken the reducibility by allowing “larger” use functions, for which functions exactly
the previous theorem still holds?



an analogue from the global structure

Kucera-Gacs Theorem

Every set is wtt-reducible to a random set.

Let g: N — IN be a nondecreasing function.
» It is called slow-growing if ¥ ,c,, 278 () = oo;

> itis called fast-growing if ¥ e, 270" < co.

Theorem 6 (Barmpalias & Lewis-Pye & Teutsch, 2016)

Let g: N — IN be a computable slow-growing function. There exists a set that is not
(id+g)-bT-reducible to any random set.

Theorem 7 (Barmpalias & Lewis-Pye, 2018)

Let g: N — IN be a computable fast-growing function. Every set is (id+g)-bT-reducible to
some random set.



the local structure

The local structure is similar to the global one.

Theorem 8 (Barmpalias & F. & Lewis-Pye, 2016)

Every left-c.e. real is (id+g)-bT-reducible to any left-c.e. random real for any computable
fast-growing function g.

Theorem 9 (Barmpalias & F. & Lewis-Pye, 2016; streamlined in F. & Merkle, 2025)

Let g: N — IN be a computable slow-growing function. There is a pair of left-c.e. reals such
that no left-c.e. real (id+g)-bT-computes both of them. Moreover; such a pair exists in every
array noncomputable c.e. Turing degree.

Theorem 10 (F. & Merkle, 2025)

Let g: IN — IN be a computable slow-growing function. There is a left-c.e. real such that no
left-c.e. random real (id+g)-bT-computes it. Moreover, such a real exists in every array
noncomputable c.e. Turing degree.



the local structure

The degree characterizations still hold.
Corollary 11

Let g: IN — IN be a computable slow-growing function. The following are equivalent for a c.e.
Turing degree d.

@ There are two left-c.e. reals in d such that no left-c.e. real (id+g)-bT-computes both of
them.

@ There is a left-c.e. real in d such that no left-c.e. random real (id+g)-bT-computes it.

© d is array noncomputable.



basic proof idea of Theorem 9

Lemma 12

Let g: IN — IN be a computable slow-growing function. There is a strictly increasing
computable function € such that the following hold. For any triple (P, Y, y), where ®, ¥ are
Turing functionals with use functions bounded by id + g and y is a left-c.e. real in [0, 1),
uniformly in (®,Y,y) and in all a € N, there are left-c.e. reals a,,Ba C [a,a + €(a)] such that

Ax € [a,a+ {(a)) (aa(x) # ®Y(x) V Ba(x) # ‘Fy(x)). (1)

Basic strategy: Let b = a + €(a).
> Whenever (1) fails, we add 27 to e,. Suppose the least changed position of a is n.
> If (1) fails again, y should have changed at position < n + g(n). Then we do the same for
Ba.
> If (1) fails once again, y should have changed at position < n + g(n) again. After one
round, it changed at position < n + g(n) twice, which makes it grow at least 27~8(1),

> By choosing b appropriately, we can force y to be larger than 1 while only change bits of
@g,Bq within [a, b].

Using Lemma 12 as modules, we can easily construct one witness as required in Theorem 9.
With tools to be introduced later, it also follows directly that such witnesses actually exist in
every a.n.c. degree.



basic proof idea of Theorem 10

Lemma 13

Let g: N — IN be a computable slow-growing function. There is a strictly increasing
computable function € such that the following hold. For any pair {(®,y), where ® is a Turing
Jfunctional with use function bounded by id + g and vy is a left-c.e. real in [0, 1), uniformly in
(®,y) and in all a € N, there are a lefi-c.e. real @, C [a,a + €(a)] and a c.e. set E, of strings
with u(E,) < 27% such that

Axefa,a+(a)] aa(x) # P (x) or yelEl. 2)

> Instead of having two reals ay, 5, at disposal, now we have a left-c.e. real @, and a c.e. set
E,.

» With some modification, we can let £, act in the place where previously 3, should act.



Array noncomputablity - definition and basic properties

> A sequence ¥ = {F,}nco of finite sets is a very strong array (v.s.a.) if the following hold.

@ There is a computable function f such that f (n) is the canonical index of F;
G Unew F, = IN;

@ F,NF, =0forn+m;

Q 0<|Fy| <|Fy4ilforalln € w.

> Ace.setAis F-an.c. ifitis F-similar to any c.e. set 'V, i.e.,
A% n(ANF, = VNF,)

> Ac.e. setAisa.n.c. if itis F-a.n.c. for some v.s.a. F.

> A c.e. degree a is array noncomputable if it contains a a.n.c. c.e. set.

Theorem 14 (Downey & Jockusch & Stob, 1990)

Let d be an array noncomputable c.e. degree and let F be a very strong array. There is a c.e.
set D € d such that D is ¥ -a.n.c.

A.n.c. degrees are those in which the multiple permitting argument can be effectively applied.



Array noncomputability for locally l.c.e. sets

Let ¥ = {Fy},>0 be a very strong array of intervals.

> A left-c.e. approximation {a;}s>0 is F-compatible if a5 | F; <jex @541 | Fy foralln,s >0
and @, (x) < @sq1(x) forall s > 0 and x ¢ U,50 Fn-

> Areal a is F-compatibly left-c.e. (F-l.c.e. for short) if it has a ¥ -compatible left-c.e.
approximation.

» An F-lc.e. real @ is F-Lc.e.-a.n.c. if it is ¥ -similar to any F-l.c.e. real B3, i.e.,

I°n (a | Fy =B | Fp).

Theorem 15

Let d be an array noncomputable c.e. degree and let F be a very strong array of intervals.
There is a left-c.e. real a € d such that a is ¥ -l.c.e.-a.n.c.



l.c.e. {-property

Definition 16

Let ¢ be a strictly increasing computable function. A property P is an l.c.e. {-property if there
are uniformly left-c.e. reals {8,}4ew With B, C [a,a + €(a)] such that for any real y

I¥a(ylaa+l(a)] =) = veP. A3)

Theorem 17

Let € be a strictly increasing computable function and let d be an array non-computable c.e.
degree. There is a left-c.e. real in d which has all l.c.e. {-properties P.



proof of Theorem 10

Lemma 18

Let g: IN — IN be a computable nondecreasing slow-growing function. There is a strictly
increasing computable function € such that, for any pair {®,y), where ® is a Turing functional
with use function bounded by id+g and v is a left-c.e. real in [0, 1], the property

P@)Y = {a: a # DY or y is not random}

is an almost-c.e. (-property.

Proof.

>

vV VvV vV VY Y

Let ¢ be the function as given by Lemma 13. Then for any pair (P, y), there are {a4},>0
and {E,}4>0 as stated in Lemma 13.

Given any left-c.e. real &, suppose 3%a such that (& | [a,a + £(a)] = ay).

Suppose @ = P?. Then it suffices to show that y is not random.

By (2), it follows that 3%a such that y € [E,].

Let Up = Uyse[Eq]- Theny € U, for all e > 0.

On the other hand, U, are uniformly c.e., and u(Ue) < Yyse pt(Ea) < Dgse 274 <27¢.

Thus, {U,}eew is @ Martin-Lo6f test containing 7.



proof of Theorem 10

Theorem 10

Let g: IN — IN be a computable slow-growing function. There is a left-c.e. real such that no
left-c.e. random real (id+g)-bT-computes it. Moreover, such a real exists in every array
noncomputable c.e. Turing degree.

Proof.
> Let {®;, vilicw be an effective enumeration of all pairs of a Turing functional with use
function bounded by id+g and a left-c.e. real in the unit interval.

> By Lemme 18, there is a strictly increasing computable function £ such that, for all i the
properties P; = {a: a # <I>l.7" or ; is not random} are almost-c.e. £-properties.

> By Theorem 17, there is a left-c.e. real @ € d such that & € P; for all i, which implies it is
not (id+g)-bounded Turing reducible to any left-c.e. random real.



a.n.c. degrees and not totally w-c.e. degrees

> An order is a non-decreasing and unbounded function.

> Given a function f <7 (', let {f;} be a computable approximation of f. The mind-change
function of {f;} is defined as my(n) = #{s: f;(n) # fp-1(n)}.

» Given a computable order £, a function f is h-c.e. if it has some computable approximation
such that & bounds the mind-change function of that approximation.
Another characterization of a.n.c. degrees

A c.e. degree d is a.n.c. if for every computable order  there is a function f € d which is not
h-c.e.

By switching the quantifiers, we get the uniform analogue of a.n.c. degrees.

Definition 19

A c.e. degree d is not totally w-c.e. if there is a function f € d which is not A-c.e. for every
computable order h.

The following theorem is a uniform analogue fo Theorem 17.

Theorem 20 (Ambos-Spies & Losert & Monath)

Let d be a c.e. Turing degree which is not totally w-c.e.. There is a left-c.e. real in d which has
all l.c.e. L-properties for any strictly increasing computable function €.



wcl-reducibility on not totally w-c.e. degrees

We can define a uniform version of (id+g)-bT-reducibility for slow-growing function g.

Definition 21 (wcl-reducibility)

A set A is wel (weakly computably Lipschitz)-reducible to a set B (written A <y,] B), or we say
B wcl-computes A, if there is a slow-growing function g such that A is Turing reducible to B and
the use function is bounded from above by id + g.

From Theorem 20, Lemma 12 and Lemma 13, we get the following corollary as a uniform
analogue of Corollary 11.

Corollary 22

The following are equivalent for a c.e. Turing degree d.
@ There are two left-c.e. reals in d such that no left-c.e. real wcl-computes both of them.
@ There is a left-c.e. real in d such that no left-c.e. random real wcl-computes it.

Q d is not totally w-c.e.



Thank you for your attention!



